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ON THE ANALYSIS OFPxQ FACTORIAL EXPERIMENT
WAI-YUAN TAND

1. In a paper “On the design and analysis of field experiments” Hatamura,
Okuno and Sasaki (1954) discussed the randomization models and the concerning
likelihood ratio tests of the completely randomized design and the randomlzed
and the randomized block design. A similar treatise on these subjects: was

also presented previously in a famous. book of Prof. Kempthorne, ,“The i

design and analysis of experiments”, which was pu'bhshed in 1952. It seems to ; i
the author that this procedures can similarly be apphed to the analysis of PxQ

factorical experiment. With ‘this in‘mind the present paper is directed to provide
a systematic presentation of this generalized factorical experiment. Among the
topics discussed *emphases are placed on the construction of mathematical model
and the randomization test, the sums of squares for each effective factor and
their expectations when randomization is under examin’ation,) and the assumptions
and the related tests of hypotheses. Besides, the writer considers- the  single
“degrees of freedom in detail, borrowing the method of matrix notation from
Kemthornes book, pp 74-79. e i
2. 'The mathematical model of P><Q factor1ca1 experlment composed of r .
replication each with pq plots can be formulated as follows:
Yiini=u+a;+b;+(ab): i+ 7e+(Drcy 0 s +€i 0
sut-a;tbj+(ab)j+re-tz2iin
;az =0, Zbi~0 E(ab),;—Z(ab)u——O Zrk—~0 szm—-o

ij,n.mm-glnmm
3 B .

where ¥;;,,=the yield of (¢/) combination in /th plot of -kth block.
u=over all mean effect. a;=the effect of the zth level of factor A, b; =the

effect of the ]th level of factor B. (ab)., =the interaction effect of the ith =

level of factor A with the 7th level of factor B. 7, =the effect of kth replicate.
" piwy=the effect of Ith plot in %th block. #:j:;;)=the interaction effect of
the (¢7)th combination with the /th plot in %kth block, and e;j.1=a random

(1) ~Assistant Research Fellow, The Institute of Botany, Academia Sinica.




- component- of error associated with the (£7)th combination in /th plot of Eth
block. Here in this paper the writer associates the interaction effect between
(£7)th combination and the kth block with the random variate €:;jar.

let ¢ denote the sum of p,(k,, n,,m,) and Cijur and et it be considered
as the error term attached to ¥;;un then we have two kinds of errors. One is
‘systematic, composed of prry and ;71 and the other is random, caused by
Ciine. From here, we' see further that, assoc1ated with the quantity e:jer the
randomization comes into action. For the investigation of this effect, the writer
introduced a new variate 8%, whose distribution is specified by randomization,
as gwen in Kempthorrne book, where :
8 i ;,,-—1 when the (#7)th combination is allocated to the lth plot in
kth block.
=0, otherwise.
".‘The probabilities and expectations associated with 8%; ;& are then specified
as in (5) & (6). With this we further have (Randomizotion Model) .
Visp=ttai+b;-+(ab); -I-’rk-l—;t?’:jk Pt<k>+§l]3’u’k niiz(m-l—lzb"ijk, ikt
where :75=the yield of (i/)th combination in the kth block. |
3. The sums of squares attached to each effect are obtained by method of
' kleast square and then the expectatmns of mean squares are derived for each'
; ’terms respectwely Thus we have :
For block: ‘

L SSR .o 1
E( =1 ) =04(5=1 %”zk)'*‘dz'*‘WZZEZ (n.jtck))2

ivje kel

For A factor:

E( (gi%) )=qu(’?11’ ;42")+G2+pq{_1§:—« P

tparpa—1 534

) PIIPISHCITTT RN e P=Tprpa=D ;%E{l Piacw
~.For B factor: ' :

SSB §_, 1 | 1 2

: E( (g~1) _Pr( q—1 sz,)‘+g2+ (m);? 1tk
e i o
e R T R Ay

For the interaction AXxB:

s SSAx%B .
((?"‘1)(:1("1)) ( (tﬁ —-1) (q 1) 2‘2 (ab) w)+0'2

pq 1 ZP 1w+ zbqr(pq parha—1) 2 ZZFZ (Bij10)

(p—l)(q——l)i)qr(pq~
~For the error term: .

1 2222 (s 7200 = P10y jt(k))
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SSE
E( e )=+

where o?=—7"5

1 Zi’ z<k>+ pa—2 j ZZZ‘E (#ij100)

zbq (pa—1ipar(pg—1

ﬁq) 7 %;FZU ijkl

Here we have additional terms concerning the effect of plot within block
and interaction between combination and plot. The tests of hypothesis for each
factor and the interaction between them are therefore specified by assumptions
made for e;;, in connection with these additional components. The assumptions
concerned are as follows, (produced by Hatamura ef a/ in randomized block design).

Assumption 1: The variate ¢;;; has the lst, 2nd, 3rd and 4th moments for
every e+e;jr does not necessarily follow the normal distribution.

Assumption 2:{e;jzs; 2=1,2..0. j=1,2..q. k=1,2..r.} is a set of multivari-
ate normally distributed random variables with #;;;4)=0 and ¢;;;=0.

Assumption 3: e;;5 eNID(O, 6?), 6:j:=0 and #%;;j;4)=0.

4. Now we are setting up the following three hypotheses in connection
with factor A and B and the interaction between them: (Under randomization
ModelD)

Hy: (ab):;;=0, for i=1,2..p. j=1,2..q.
H.: a;=0, for z=1,2..p.
H,: b;=0, for j=1,2..q.

Under the assumption III it can be shown by the method of likelihood ratio

test that it is sufficient to follow the following three F-tests for the corresponding

test of hypotheses:

SSAXB/(p—ING—1) ¢ yost T, with dfi=(p—1)g—1), dfy=(pg—1)r—1).

=" SSE/(pg—1r—1)
F,= SSES/S(?q/?l)(}') i) to test H; with dfi=(p-1), dfz=(pg-1)r-1).
By e oSBMA=D)_eo HL with dfi=(g-1), dfy=(pg-T)r-1).

SSE/(pg—D)(r—1)
Under the assumption II, the F-tests are the same as those performed under
assumption III. This can be shown to be the case by method of likelihood ratio
test as is for assumption IIIL.

Under the assumption 1, the method of fitting moment by Pitman (1937) is
exercised, extending the derivation of Hatamura et @/ in randomized block design.
For simplicity we assume 7;, =0, and consider the hypothesis ()i =(aB)i; =0 or {B); =
(aB)i;=0. Then it can be expected that the necessary condition for the following
ratio estimates 7, & 7, to approximate the corresponding Beta-distributions is

o%s; = o =constant—é*=*, provided that #:;;cy=2%;; =0, Piry=0 and ¢;5:(»
differs very little from the normal distribution, where

b q
a“?LZZ e, Elleisnf’l=0%, 64“7”?‘1 22 o

pa 5
’ SSA4-85AXB
1T SSATSSAXBA(SSRH-SSE)
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SSB4+SSAXB
SSB+SSA>< B-+(SSR+SSE)

The f1 & f:'s are specified as in (37) and (38)
5. In order to lead the comparlson of each factor and the single degrees
of freedom here the guthor borrowed the method of matrix notation from’ Kem-
pthorne. Thus we have the set of equations in (12) by expanding the expression
SB=Xy. The variances for the comparisons were then obtained as 2/r (/r+
1/p+ 1/q)s* 2/qrs® and 2/prs® for factors A, B and the interaction between them
respectively under the premise of Ei(ab),- ;=§](ab),- i=0. 'The partition of degrees

Vo=

of freedom of each factor is obtained with the scales of orthogonal polynomial
- which was given in Snedecor (1946). ZLet s;;, j=1,2..p be the scale associated
With the 7th effect of factor A. Then we have, at the estimate of this effect,
. the following expression: :

P = (85 N sere  Arver i
%Sud:— qr(JZS;j Y.-.)—-( ar ) Xly=A'X’y in matrix notation

where Ar=({5U)\1=(0, 5,./g7, si/ar,sip/ar, 0....0, 0....0, 0....0)
; qr St N e’ N

q pq 4
The variance of this comparison is obtained as ‘

E(A'X"ee/XA)= o A’SA = L (5% )0?
] ~
where S=XX' and therefore for the sth effect of Factor A we have as an
S Y; s%
2. A g Vi
estimate of ¢%; (Zs.j )/(; ar )
This can similarly be practiced for factor B and the interaction between
A and B. (Summary).
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