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1. Introduction

In least squares estimation, normal equations with a singular coefficient
matrix admit an infinite number of estimates of the parametérs. . The conven-
;tional"operation to eliminate this indeterminacy -is to -impose suitable con-
;straints on the parameters or on their estimates such that the estimates are
unique under the given constraints (Scheffe, 1959: Graybill, 1961). In the

DPresent work, two generally used methods of imposing constrai‘n‘ts are discussed

and it is shown, by use of generalised inverse matrices;sugested by Rao
(1962, 1965); -that the least squares estimates of all estimable functions of
parameters are unique regardless the different forms of«th'e,‘constraints.,

2. The Normal Equatidns

Consider the general linear model

E(y)=X8, Var(y)=I# | < (1)

where y is an n-vector of observable random variables, X is a non-stochastic

nXp matrix (p<n), B is an p-vector of Vunkno'Wn parameters and o® is an
unknown' parametér. Ifrank X=p, i.e, X'X is 'non-singular, the normal
equations are solved by inverting the matrix X’X, When rank X=7<p, X'X
does not - possess..an inverse and the constriants on parameters or -on:their
estimates : '

HB=0 or Hb=0
are ‘necessary. for unique solutions, :
When the constraints are HB=0, the model (1) is augmented to

2 ]-[XTs (2)

where H is a matrix of order (p—=7) X p-and rank p—r and its rows are inde-
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pendent of the rows of X. Therefore[fl] is o;f rank p and the normal equations
(X'X+HH)b=Xy R Rt (3)
have a non-singular coefficient matrix, The least squares estimate is then ‘
b= (X'X+HH) Xy, R (4)
When SSE is minimized subject to the constraints: Hb= 0 the least squares
estimate is obtained by solving
5L 4—X0)! (4~ Xb)+ NHBI=0
and

D ty—xby (y—20)+ 2EB) =0,

X! X. H b X'y L . o s
[ H 0][%1]1'[ 0 ] ' : -(5)
where A is an (p—-r)-izector of Lagrange multipliers. =

Since H is full ranked and its rows are independent of rows of X, the coefficient
matrix is non-singular. Let us denote its inverse matrix by

o

or

Then the least squares est1mate is i
b=B,X'y ) : o (6)
3. Generalised Inverse Matrices and uniqueness of estimates

By Rao’s definition, ‘a’ matrix (X'X)~ is ‘a generalised mverse of XX if
X' X(X'X)-X'X=X'X, We shall show that the matrices By and (X’X—I—II’H) =1
are generalised inverses of X'X.

Since X is #Xxp of rank 7, there exists an pX (p-——r) matrix N of rank ( p—r)
such that XN=0 (note that the columns of N form a basis of the null space
of X). Then N (X'X+-H'H)N is non-singular.since (X'X+H'H) is non-singular,
But

N (X'X+H'H)N=N'H'HN,
hence HN is non-singular.,
- Now consider the identity o
, (X'X+ H'H) (X'X+H'H) =1,
or

‘ X’X(X’X—I-H’H) S HHX'X+HH) =1,
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Multiplying by N'.to the left and by X' to the right, we get
. NEEXX+HD-X=0. |

Tﬂerefore, , ’ ’ :

. mxx+mE-X=0, m

éiﬁce HN is non-singular. Then ‘ | .

o N X’X(X’,;(-I—H’}I)""X’X:(X’X-I—H"II)(X’Xf};H"H)’lX’X:X’X;.f |
Next, from the identity

G 5 G )=t |

we get : : i
X’XBn-kI]I'B;2 =I. iy

Premultiply both sides of this equation by N’, 'gét
N'H'Bi;=N'

or.: = R s :

B ;=N(HN)™*, : el , ‘ i 8)
Therefore ' ’

X'XB,X'X=(X'XBy+HB;) X' X=XX,
since

X =[(HN) " VNX =0.
The Lagrange multiplier 2 in (5) is then
- i=Bpxy=0. Sy e (9)
By ‘deﬁ‘ni‘t‘ion that 'X’X(X'X')'*X’X-—?X’X for (X'X)- Va'gehefaylised‘ invérse éf
X'X, it is straightforward to show that ‘
 X-XXX)-XXVE-X(X'X)-X'K=0,
i U e
X=X(X'X)-X'X, | | (10)
Therefore the general form of the solutioné to normal 'eq‘ufdti‘c;hsb is

b= (X'X)-X'y.

R an

It is seen that b and (X’X)- are not unique. Wé shall shqw ’éhaf; fdr L
an estimable function of the parameters'j, i.e., L=CX for some C, the estimate
Lb -is unique. First,: consider any two generalised inverses (XX)7 and (XX)3

we can see that
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XX X)X XX X); X VXX X)X -X(XX);X']=0
This means that X(X’X) —X' is unique. Therefore
- Xb=X(XX)-Xy Gl (18)

is-unique and is an unbiased estimate of XB. Consequently the estimate Lb of

“LR is- also unique regardless the dxfferent forms of the "generalised inverse
matrices. g 5

. The SSE is then
| | SSE (y-—Xb)’(y——Xb) y’(l—- (X’X) X’)y T (14)
By the fact that e R : | ’; | s ” =
XMI-X(X'X) X’]— ‘ ' ToA15)

it is'obvious that Lb and the sum of squares associated with it are independent

of SSE. Therefore the hypothesis concerning LB can be tested in analys1s of
variance.

;4. Remarks - , :
A general procedure of computmg a generallsed mverse of X’X is- g1ven
blow. o : \ : o e
1. Find an orthogonal matrix T such that

TX'XI'=D or X'X=T'DT

where D is a diagonal matrix,

2. Define D- to be a generalised inverse of D by replacing ‘the non-zero
elements d;; in D by 1/di;. Then DD-D=D,

3. The matrix T'D-T is then a generalised inverse of X’X since

X'XT'D-TX'X=T'DIT'D-TT'DT=T'DT=X'X.

. ‘This procedure -is equivalent to that of inverting a symmetric matrix when ,
it is non-singular. "With this argument, we can use the abbreviated Doolittle’'s
method- (Rohde ~and Harvey, 1965) asa computing technique in the least
squares est1mat1on for models of less than full rank as well as for models of -
full rank.

5. Summary

It is shown that, in the ‘analysis of a general linear model of less than
- full rank, a generalised inverse matrix of the coefficient matrix of normal
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_equations can be obtained by imposing a set of independent and unestimable

. consftraints on the parameters Or on their estimates The estimate is not unique

 since the generalised invese matrix is not umque But as far as the estimable
efunctmns of the parameters are concerned then' estnnates are umque

- Generalised Inverse Matnces fijﬁld\_‘.fﬁ
q?Aﬁ¢%

ffi V4 ”.ei

_ 4‘23'6‘4‘7155%’%5}3 Generalised inverse matrices &%f]x_@@ﬁﬁ;{%&ﬁﬁﬁ*ﬁ*m@;;
BT BVERRES, (1) ST7UX 320 (Full rank) u%p%g%—m? .
. Iﬂiix%o R Doolittle ﬁf&ﬁ%ﬁ]}fﬁuﬁﬁg@@ﬁm 7
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