Bct, Bull. Academia Sinica 14: 94-114 (1973)

APPLICATIONS OF SOME FINITE MARKOV CHAIN
THEORIES TO SOME GENETIC PROBLEMS

~ Parent-Offspring Mating Type Model with Selection®®

W.Y. TAN

Department of Pure and Applied Mathematics, Washington State
University, Pullman, Washington, U. S. A.

(Received for publication February 7, 1973)

1. Introduction

This is one of the two papers in which we utilize some finite Markov
chain theories to study the effect of selection on the absorption probabilities
and the change of frequencies in some inbreeding genetic systems. The present
paper is basically concerned with the parent-offspring model as discussed in
Horner (1956) and Karlin (1968). The second paper will be concerned with
the two locus linkage selfing model as discussed in Nelder (1952) and Karlin
(1968). Similar consideration of the application of some finite Markov chain
theories to Sib-méting model has also been discussed in Bosso, Sorarrain and
Favret (1969).

2. Some finite Markov chain results

Consider a finite Markov chain X(t) with stationary transition probabilities
and discrete time t=0, 1, 2.... In this section we shall derive some simple
formulas for the computations of various absorption probabilities, mean absorp-
tion times and variances of first absorption times, as well as absolute.prdbability
distributions. These results will then be utilized in our models to study the
effect of selection on the changes of absorption probabilities and type fre-
quencies.

Let Cy, Cy,...,Cr be the disjoint closed sets of persistent states and 7" the
class of transient states. Then the transition probability matrix (one-step) P
can be written in the following canonical form as

(1) A paper presented at the 9th Annual Symposium on Biomathematics and Computer
Sciences, in the Life Sciences, held at University of Texas, Houston, Texas, March
22~24, 1971.

(2) This paper is dedicated to Dr. H.W. Li for his inspiring leadership during his
tenure of office as Director of the Institute of Botany, Academia Sinica.

94



N

July, 1973 Tan—Some Finite Markov Chain Theories 95

rPl -
P, 0
P= Q . (2.1)
Py
~R1 Rz oo Rk Q

where Pj is the transition matrix corresponding to the closed set C; and @
the matrix of transition probabilities from transient states to transient states.
From (2.1), we have then

Py ~
Py 0
Pr={0 : (2.2)
Py
LH™ HP - HP Q)

where HP=R; and

-1
Hf,">="2 Q°R;P7'~* is the matrix of absorption probabilities of transient
s$=0 «
states into states of C; at and before time #.
(i) The absorption probabilities and mean absorption times and variances of
first absorption times.

Let m; be the number of states in C; and ¢ the number of states in 7.
Furthermore, let /, be the mx1 vector of 1’s and put,

h§P=Vector of absorption probabilities of the transient states into C; at
and before time s,

2, =Vector of ultimate absorption probabilities of the transient states Cy,

Q‘J’P:Vector of first absorption probabilities of the transient states into Cjy

at time #,

k

oM = 53P)=Vector of first absorption probabilities of the transient states
e L2

i=
into persistent states at time #,

U =Vector of mean absorption times of the transient states into persistent
states,
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V' =Vector of variances of first absorption times of the transient states
into persistent states,

9(s)=Vector of the probability generating functions of the first absorption
times of the transient states into persistent states.

Then, since P?ﬁm,-zimi for all integer m>0 and since the absolute value of
the eigenvalues of @ is less than 1 (see Karlin (1966), for example), we have

B =Pl = T4 Qb+ Q* ) Ryl = (= Q)" [,—Q") Ryl , (2:3)

i
o, 2111_{2) Bp= ([’“Q)—lRf,{m,- , (2.4)
g&n)___anlem]_’ (2.5)
XM= Q1S Rl = QN1 Q) (2.6)
PRk o

U= 3 n0m = F 0@ (1~ Q)ly= (1,—Q) L= Q)ls= ([,—@),, (27)

V=S 2@ (L—Q)L~U.s

= S a(n=1)@"1+ $nQ"=} (L~ Q)l;~Use

= 2QU—Q) "+ L} (L,~Q)"4,~U,,
= {2(L,—Q) " =L} U~Us,, (2.8)
where U, ,= (U2, UL, ..., U} with U'=(U,, U, ...,U,), and

0(s)=3 $"Q" L= Q)L =5(1;~5Q)~*(L;—Q)], ’ (2.9)

~ ne=1 ~

(ii) Computations using spectral expansion of Q.
‘ Suppose now @ is diagonable so that, using lemma 1 as given in the
appendix,

Q=254 and (@)1= % L

=114 A,

where 25, 25, ...,2; are the distinct eigenvalues of @ and
— 1 _ .
A= ng T=17) (Q—2;1), i=1,2,...,1

Then, (2.3)—(2.9) reduce respectively to

(n) — L~ N

B = 3 T AR (210
s 1 AR, (211

£,= 211, Akilm, A1)

3= 3 AT1AR L (2.12)

~ =1 ¢ ~ i
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Q(njz 21(1?—1;1?)11'1' ' (2.13)
g 4 1 ‘. = . 1
U= 3 g A B
V= ;1 (1—2;)% Aili—=Usq (215)
and
- v S(1-4) .
US) = 2 =,y Adde (2.16)

(iii) The absolute probability distributions of X(x) given that P; and @ are
diagonable.
Given the initial distribution of X(0) as ay, the absolute probability dis-
tribution @, of X(#) is then

.
@, =a P

7 !j
If @ and P; are diagonable so that Q"= _Z=‘,1).’,?A,- as given before and Pj= 211
u5;Bsj, where m;, Hzjy -y p1;5 are the distinct eigenvalues of P; and
=1 p -
B;;= g (aei—na17) (P; ,us']I,,,j), Jj=1,2,... k, then
§rts
14 i n-— - )
Hp="SQRPI =3 gjl(;?:;l;u;‘;l“')A_,RjB; . (217)
If the P;’s are absorbing classes, then (2.17) reduces to
n—1 1 ! 1 Ai
H®= z=‘,0 Z}llfA,-R,: > Sh A R,—P 2 A R (2.18)

In this case we have then

Z:;:Q(')-l '—-Zlkna(,l: 0 .0 :|
. = 1
1

1 1
'—Zi AiRly 1__1’ AiRZy .. -sj:‘zAiRk; Ai

)
)
>
E g
o
L

which converges to g{,l’l } as #—>oo.
1 0

lo .1 J
E,l QZ vee gk 0

It is easily seen that this limit is in fact the long-run as well as the stationary
distributions of the chain.
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3. The parent-offspring mating type model with selection

{a) The model.

We consider a single locus with two alleles A:a and the mating is such
that the child mates always with the younger parent. Then there are 9 states
in the state space and the states are the frequencies of the mating types

Parent X Offspring
AA x' AA
aa X aa
AA Aa

Aa

AA

aa

Aa

AA

AA X aa

>
m
X X X X X X

v To allow for the consideration of the effect of selection, it is assumed in
this préliminary report that there is no difference in effects of selection
regarding sex; and furthermore, the homozygous genotypes have the same
selective values. Then, with no loss of generality, the selective values of the
three genotypes can bg written as

Selective values

AA x
Aa 1
aa z,

where x=0.

Notice that =1 corresponds to no selection; x<1 heterozygote superior
and x>1, heterozygote inferior. For x=1, the above model has been discussed
in detail in Horner (1956) and Karlin (1968).

The transition matrix for the above model is given by
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The eigenvalues of @ are readily obtained as A;=0, /12=~m

o 1
M= o0 +a)

(1—/1+4z) = %,

U (i) =02
_T‘FE and 15-—- 2(1+x).(1+/1+4x)— 1+x.

5
Using lemma 2 as given in the appendix and noting that _ElA i=1I;, we have
=

for the spectral matrices of Q:

A= r 0 0 0 0 0 07
0 0 0 0 0 0 0
1 1 1
o o 0 0 o 0 0
1 1 1
v %% 0 0 w00
1 1
-5 —5 0 0 1 0 0
114+x 1142 _ 142
5t 5L (14z) 0 ==X 1 0
1142 114z 1+2
27z 2, 0~ = 01
1 ( vz —vz —z z 0 0 0)
Wx| -z VT z —z 0 0 0
-1 1 VT -z 0 0 0
1 -1 -z v 0 0 0
0 0 0 0 0 0 0
—(1+z) (42 Va(ldz) —yzl+2) 0 0 0
\ (I42) —(14z) —vz(l+x) Vzd+2z) 0 0 0
A=t v —/x x — 0 0 0 )
3 = . _
4z -z v —x z 0 0 0
1 -1 vz —vz 0 0 0
-1 1 -z Vi 0 0 0
0 0 0 0 0 0 0
(14+z) —(1+2) Vz(lt+z) —vz(l+z) 0 0 0
—(1+2) (1+2) —vz(l+z) Vz(l+z) 0 0 0
_ 1 ¢z x z z )
A= PRGN ) 501 50 50 a2 0 0
50 ph ol S 0 0
x £z i X
5 o> 58 501 8y 0 0
X X x X
7 ‘2— _2*61 _2"51 61 0 0
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N S & 0 0
L (14a) T (1+a) Lol+o) D 14a) B(142) 0 0
L (1) F (L) Fo0+a) P 14e) Bul+2) 0 0
and
-5 0 o S I 0 0
B - ;f— 58 ~§~62 & 0 0
-z -2 S 0 o
50 o0 S I 0 0
ye(le) el+a) B1+e) G1+a) 4(l+a) 0 0
| Selite) Lato) ) Dolta) d142) 0 0]
(b) The absorption probabilities

Using the above results and formulale (2.11), we obtain the respective
vectors of ultimate absorption probabilities into AAX AA and aaxaa given the

transient states as

r1l 1 % 3
Py~ —2—-!-7 1+§+x2 and 0=
1_1
2 2 14z-tz°
A, 1zt
2" 2 l+ztat
1 1 =zt
2 2 l4+zxt-z?
L
2
1,1 @
2 2 14xta?
11 z?
\ 2 2 T+zta?®
2 2
It is easily seen that both 1+.‘§+x2 and 1_3:1—1:&2

are monotonic increasing

functions of x for £=0, and both =0 if =0 (homozygotes lethal) and both 11

as x—oo, Hence,
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PRI 1.1 11 1:-1y...
PwTLle=\gr g g g —2—,—2—) 1ffm,é0, and
g&'n""(ﬁl,O; 1,0, ‘%—, 1,0) and =

1 .

’ 222)—*(0’1’ 0, 1! 75 0, 1)’ as p->co,

Moreover, the following conclusions are trivial:

(a) The effect of selection on. the ultimate absorption into AAXAA is
opposite to the effect of selection on the ultimate absorption into aaxaa. This
follows from the fact that the ultimate absorption probabilities into AAXAA
and into aaXaa sum to 1.

. (b) The ultimate absorption probabilities into AAXAA given initially
AAxAa, AaxAA and aaXAA (or the ultimate absorption probabilities into
aaXAa, AaXaa and AA Xaa) increase with x and hence are greater than those
of no selection case (z=1) if x>1 (homozygotes superior) and less'than those
of no selection case if #<1 (heterozygotes superior).

(c) Given initially AaxAa, the ultimate absorption probabilities into AAX
AA and aaXaa are equal and are not affected by selection.

Given in Table 1 are the ultimate absorption probabilities into AAXAA
(pw) and into aaXaa (gw) for z=0, 0.5, 1.0, 15, 2, 2.5 and 3..

Table 1. Ultimate absorption probabilities into AAXAA (o) and .
into aaXaa (pw) for various values of x.

£=0 5 1.0 15 207 |25 Y 30

AAxAafP® 05 05714 | 0.6667 | 0.7368 | 07857 | '0.8205 | 0.8462
P 05 | 04286 | 0.3333 | 02632 | 02143 | 0.1795 | 0.1538
an % An ‘{pus, oos ] 0.4286 0.3333 02632 | 02143 | 0.1795 0.1538
, ey 05 05714 | 0.6667 | 0.7368 | 0.7857 | 0.8205 | 0.8462
AaxAA {ms es 07143 | 08333 | 0.8947 | 09286 0.9487 | 0.9615
Lptey 05 | 02857 | 01667 | 01053 | 0.0714 | 00513 0.0385
Aaxan {.’,,(,), ' p;s | 02857 | 01667 | 01053 | 00714 | 00513 | 0.0385
P2 05| 07143 | 0.8333 | -0.8047 | 09286 | 09487 | 0.9615

A {P(n 05 05 | 05 05 05 0.5 05

pi®y S05 |05 0.5 05 05 0.5 05
s A’ {pm‘ " 05| 05714 | 06667 | 07368 | 07857 | 0.8205 | 08462
P 05 0.4286 | 03333 | 02632 | 02143 |. 01795 | 0.1538
A sind {;5(1‘)' 05 0.4286 | 0.3333 | - 0.2632 | 0.2143 | 0.1795 | 0.1538
ey 05 | 05714' | 06667 | 07363 | 07857 | 0.8205 | 0.8462

o+ Using (2.10), the vectors. of “absorption probabilities into AAXAA (B
and into aaXaa (h{") at and before time # are obtained respectively as
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1 = 1
kgn)=£(1)—mj;{én+zn} and h§)=£(2)—m{én—zn},

pntz

where Z:,—':m(rnl/-_x.y '—Tnl/-—;; Yoty =Tn-1, 0, (1+x)7‘n—1’ —(1-!-.7:)7‘,,-1),
é:,=“j§;"(An+z, Apin Dpary Byrgy Bppsy, (142)A g, (142)A044),

vz if =0 and even >0
= and

(1+z) if # is odd >0
A,=087—00.
To see the effect of selection on the absorption probabilities, we notice

. . T petdiz oy .'17(”"‘2)’2
= . ”n #® — 1
that A,/A;>0 and { with = for =0 if »=2; and Tiztze  1tatss

are all 1 with 2 for =0 and »>1, and =0 for all =0 and

and

T”_1(1+x)x(n+2)l2
14+
all #=>1. It follows that for each #=>1 fixed, the absorption probabilities into

AAXAA given initially AAxXAa, AaxXxAA and aaX AA (or the absorption pro-
babilities into aaXaa given initially aaXAa, AaXaa and AAXaa) increase

. . . A ez A
~ nt2 nt1
steadily with @« for az=0. Moreoyer, since A, Tu Ttada A, Tu-1
(n+2)12 (n+2)12 .
—f—cm_—ﬁ and —%Q—T”_11LT$%+$2 increase first with x and then decrease
1

with 2 for =0 and for each » fixed, so are the absorption probabilities into
aaXaa given initially AAXAa and aaXAA (or into AAXAA given initially

; %_"_=1 and 7,=0 for all #=1 so that
Ny A=

ggn):ggn) =0 for all »n. Given in Table 2 are the numerical values of £=0.5, 1,

aaX Aa, Aaxaa and AAXaa). For x=0

15 and #=1, 2,...,10. It is observed that the absorption probabilities increase
steadily with # for each x>0 fixed as it is expected intuitively.

Using (2.12), we obtain the respective first time absorption vectors at time
n into AAXAA (3™) and into aaxaa (3§”) as:

£

3'=(0, 0, g5 0 0,0, 0),

3" =(0, 0, 0, 575 0,0, 0) and for =2,
an)=’z(1—i‘w‘)”_{2xén~3+in} and

= gy gy (20Au—aksp}, Where

n—-1

E,'n":xT(]/Eeni —’/-'E‘eny €a—1y ~Cn-—1y 0, (1+x)€n-—-1, "‘(1+1’)5n—-1)
2 if w=0 or even >0

with e,,=J
0 if % odd >0
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Table 2. Absorption probabilities into AAXAA (™) and into aaxaa (hy®)
[ “at and before time n for x=0.5, 1,1.5. : k

AAXA | ‘aaxAa-| AaxAA | Aaxaa Aa‘an,: aaxAA [ AAxaa:
*=0.5 1 . . . .
e 1 {hlm 0000 03383 |00 | 00 | 00 0.0
H 0.0 0.0 0.0 03333 | 0.0 0.0 00
ne 2 {h(ln) 01111 | 00 03333 | 00 | 00556 | 0.0 0.0
Q) 0.0 01111 | 0.0 0.3333 | 0.0556 | 0.0 0.0
e 3-{h<1"> C1481 | 00370 | 0.4074 | 0.0 00926 | 01111 | 0.0
Q) 0.0370 .| 0.1481 | 0.0 0.4074 | 0.0926 | 00 0.1111
Cn= 4 {hﬁ'f) | oders | 00617 | 04321 | 00247 | 01206 | 01481 | 0,370
oo B ) 00617 | 01975 | 00247 | 04321 | 01296 | 00370 |- 01481 -
P {h‘gﬂ | 02305 | 00047 | 04650 | 00412 | 01626 | 01975 0.0617
' B | 00047 | 02305 | 0.0412 | 04650 | 01626 | 00617 | 01975
gk 6{}‘@’" - 02634 10,1221 | 04870 | 00631 |- 0.1927 0:2305 | 0.0947.
oo B 01221 | 02634 | 00631 | 04870 | 01927 | 0.9047 | 0.2305
e 7{h‘g"? | 02008 | 01495 | 05089 | 00814 | 02202 ~ °-'2534, o221
e 01495 | 02908 | 0.0814 | 05089 | 02202 | 01221 | 02634
n’_;_“‘s ‘{kg’n) | o316t | 01739 | os272 00997 | 02452 | 02008 | 01495
s -] 0739 | 03164 | 0.0997 | 05272 | 02452 | 0.1495 | ‘02008
o 9{';,@ 0.3392' 01967 | 05443 | 01159 | 02679 | 0.3164 01739
o W 01967 | 02392 | 01159 | 05443 | 02679 01739 | 03164
.—;11':0“{’1“1*"‘ | 03600 | 02173 | 05595 | 01311 | 02887 | 03392 | 01967
CAE® 02178 | 0.3600| 01311 | 05595 | 02887 | 01967 | 0.3392
el f f 8 Les Jw Leo Lo |
oo 00 00 00 o5 [ 00 00 | 00
i z{h';») ozl oo |05 o0 0125 | 00 | 00
om0 025 00 | 05 0125 | 00 0.0
i {hgn) 03125 | 00625 | 0625 | 00 | 01875 | 025 | 00
Q) 0.0625 | 03125 | 0.0 0.625 | 01875 | 0.0 0.25
wd {h’{‘) 04063 | 0.0938 | 06563 | 00813 | 025 | 03125 | 0.0625
Q) 0.0938 | 0.4063 | 00313 | 0.6563 | 025 0.0625 | 0.3125
Tk {hgn) 04531 | 0406 | 07031 | 00469 | 02965 | 0.4063 | 0.0938
) 01406 | 04531 | 0.0469 | 0.7031 | 0.2965 | 0.0938 | 0.4063
i {h;n) 0.5 0.1719 | 07266 | 00703 | 03350 | 04531 01406
A 01719 | 05 0.0703 | 0.7266 | 0.3359 | 0.1406 | 0.4531
e {hgn) 05313 | 02081 | 075 | 00859 | 03672 | 05 01719
R | 02031 | 05313 | 0.0859 | 075 03672 | 01719 | 05
,n;;s{hgmtf’ | 05586 | 02266 | 07656 | 01016-| 0.3926 | 05313 | (.2031
B 02266 | 05586 | 01016 | 07656 | 03926 | 02081 | 05313
Sive {h(;w 05791 | 02471 | 07793 | 0.1133 04131 | 05586 | 02266
Q) 02471 | 05791 | 01133 | 07793 | 04131 | 02266 | 0.5586
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AAXAa’ aax Aa ’AaxAA Aaxaa | AaxAa | aaxAA | AAxaa
=10 {hg") 0.5962 0.2632 0.7896 0.1235 0.4297 0.5791 0.2471
hg") 0.2632 0.5962 0.1235 0.7896 0.4297 0.2471 0.5791
£=15
e 1 {h(l”') 0.0 0.0 0.6 0.0 0.0 0.0 0.0
hg") 0.0 0.0 0.0 0.6 0.0 0.0 0.0
= 2 {h(lm 0.36 0.0 0.6 0.0 0.18 0.0 0.0
hg”) 0.0 0.36 0.0 0.6 0.18 0.0 0.0
n= 3 {h(l"') 0.432 0.072 0744 | 0.0 0.252 0.36 0.0
h(z") 0.072 0.432 0.0 0.744 0.252 0.0 0.36
e 4 {k({‘) 0.5472 0.1008 0.7728 0.0238 0.324 0.432 0.072
h(z") 0.1008 0.5472 0.0288 0.7728 0.324 0.072 0.432
n=5 {h(l") 0.5933 0.1469 0.8189 0.0403 0.3701 0.5472 0.1008
h;") 0.1469 0.5933 0.0403 0.8189 0.3701 0.1008 0.5472
n= 6 {h(l”) 0.6394 0.1722 0.8373 0.0588 0.4058 0.5933 0.1469
h(z"‘) 0.1722 0.6394 0.0588 0.8373 0.4058 0.1469 0.5933
A {h({‘) 0.6647 0.1976 0.8557 0.0689 0.4311 0.6394 0.1722
h(zn) 0.1976 0.6647 0.0689 0.8557 0.4311 0.3722 0.6394
ne= 8 {h(ln) 0.6850 0.2138 0.8659 0.0790 0.4498 0.6647 0.1976
Iz;") 0.2138 0.6859 0.0790 0.8659 0.4498 0.1976 0.6647
=9 {h(ln) 0.6995 0.2274 0.8744 0.0855 0.4634 0.6859 0.2138
A0 0.2274 0.6995 0.0855 0.8744 0.4634 0.2138 0.6859
n=10 {hg’ﬂ) 0.71 0.2367 0.8798 0.0909 0.4733 0.6995 0.2274
h’zn) 0.2367 0.71 0.0909 0.8798 0.4733 0.2274 0.6995

From above it is obvious that 8M=0"=0 if =0 while the change of the
first time absorption probabilities with respect to x and # is determined by
the functions e, and A,/A; and by the initially given mating types. For each
n fixed, the general picture appears to be that the first time absorption pro-
babilities increase first with # and then decrease as x increases. For each z
fixed, the first time absorption probabilities in general progress downward as
n increases in a zigzag manner such that it may not decrease in any two
adjacent times; it decreases however in each of the subsequences {2m}, and
{2m+1}, m=0,1, 2,.... Furthermore, from the definition of e,, it follows
that at any even time the first time absorption probabilities into AAXAA and
into aaxaa are equal if given initially the mating types AaxAA, Aaxaa,
AaxAA, aaXAA and AAXaa while at any odd time, the first time absorption
probabilities into the two absorbing classes are equal if given initially the
mating types AAXAa and aaXAa. Given in table 3 are the respective first
time absorption probabilities into AAXAA and aaxaa for £=0.5,1, 1.5 and 2
and for #=2,3, 4,5, 6, 7, &,
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Table 8. First time absorption probabilities into AAXAA (3) and into
aaXaa (E;’”) at time n for x=05, 1, 1.5, 2.0 and n=2, 3, 4, 5, 6, 7, 8.

e AAxAa| aaxAa | AaxAA | Aaxaa | AaxAa| aaxAA | AAxaa
n=2
©=0.5 0.1111 0.0000 0.0000 0.0000 0.0556 | 0.0000 0.0000
x=1.0 0.2500 0.0000 0.0000 0.0000 | 0.1250 | 0.0000 0.0000
z=15 0.3600 | ‘0.0000 0.0000 0.0000 0.1800 0.0000 . { -0.0000
£=2.0 0.4444 | 0.0000 0.0000 0.0000 0.2222 0.0000 0.0000
n=3 . g
©=0.5 0.0370 0.0370 0.0741 0.0000 0.0370 0.1111 - |- 0.0000
=10 0.0625 0.0625 0.1250 0.0000 0.0625 | 0.2500 0.0000
x=15 0.0720 0.0720 0.1440 0.0000 0.0720 0.3600 - |- 0.0000
x=2.0 0.0741 0.0741 0.1481 0.0000 0.0741 | 04444 0.0000
n=4
x=05 0.0494- 0.0247 0.0247 0.0247 0.0370: | 0.0370 | 00370
=10 0.0937 0.0312 0.0313 0.0313- | 0.0625 0.0625 ' | 0.0625
z=15 01152 | 00288 | 00288 | 00288 | 00720 | 00720 | 00720
x=2.0 0.1235 0.0247 | 0.0247 0.0247 | 00741 0.0741 | = 0.0741
=5
*=05 0.0320° | 00320 | 00320 | 00165 | 00320 | 00494 | 00247

=10 0.0469 0.0466 0.0469 0.0156 0.0469 0.0937 0.0312
2=15 0.0461 0.0461 0.0461 0.0115 6.0461° | 01152 | 0.0288
€=2.0 0041271 0.0412 | . 0.0412° | 00082 | 00412 | 01235 | 00247
n=6

L =05 00329 | 0.0274 | 00219 | 00219 | 00302 | 00329 | 00329
z=10 0.0469 | " 0.0312 0.0234 | - 0.0234 0.0391 0.0469 0.0469
=15 0.0461 0.0253 | ~0.0184.°| - 0.0184 0.0357 0.0461 0.0461 -
2=20 0.0412 0.0192 0.0137 0.0137 0.0302 0.0412 | 0.0412
n=7 .
€=0.5 0.0274 0.0274 0:0219 0.0183 0.0274 0.0329 0.0274
r=1.0 0.0312 0.0312 0.0234 0.0156 0.0312 0.0469 | o0.0312
=15 00253 | 00253 | 00184 | 00101 | 00253 | .0.0461 | 0.0253

£=2.0 00192 | 00102 | 00137 | 00064 | 00192 | 00412 | 00192
7n=8 - ‘ ’ \ '

. =05 0.0256 0.0244 | 0.0183 0.0183 0.0250 00274 | 0.0274
z=1.0 00273 | 00234 | 00156 | 00156 | 00254 | 00312 | 00312
x=15 0.0212 | 00162 | 00101 | 00101 | 00187 | 00253 | 00253
=20 0.0185 0.0107° | 0.0064 0.0064 0.0131 0.0192 0.0192
n=2 . . . ;
=05 00000 | 01111 | 0.0000 | 0.0000 | 00556 | 00000 | 00000
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a{m AAxAa| aaxAa | AaxAA| Aaxaa | AaxAa | aaxAA | AAxaa
z=1.0 00000 | 0.2500 0.0000 0.0000 0.1250 0.0000 0.0000
=15 0.0000 0.3600 0.0000 0.0000 0.1800 0.0000 0.0000
x=2.0 0.0000 0.4444 0.0000 0.0000 0.2222 0.0000 0 0000
n=3
x=0.5 0.0370 0.0370 0.0000 0.0741 0.0370 0.0000 0.1111
x=1.0 00625 0.0625 0.0000 0.1250 0.0625 0.0000 0.2500
=15 0.0720 0.0720 0.0000 0.1440 0.0720 0.0000 0.3600
=220 0.0741 0.0741 0.0000 0.1481 0.0741 0.0000 0.4444
n=4
=05 0.0247 0.0494 0.0247 00247 0.0370 0.0370 0.0370
=10 0.0312 0.0937 0.0313 0.0313 0.0625 0.0625 0.0625
=15 0.0288 0.1152 0.0288 0.0288 0.0720 0.0720 0.0720
z=2.0 0.0247 0.1235 0.0247 0.0247 0.0741 0.0741 0.0741
n=5
=05 0.0329 0.0329 0.0165 0.0329 0.0329 0.0247 0.0494
x=1.0 0.0469 0.0469 0.0156 0.0569 0.0469 0.0312 0.0937
=15 0.0461 0.0461 0.0115 0.0461 0.0461 0.0288 0.1152
€=2.0 0.0412 0.0412 0.0082 0.0412 0.0412 0.0247 0.1235
7=6 :
=05 0.0274 0.0329 0.0219 0.0219 0.0302 0.0329 0.0329
r=1.0 0.0312 0.0469 0.0234 0.0234 0.0391 0.0469 0.0469
=15 0.0253 0.0461 0.0184 0.0184 0.6357 0.0461 0.0461
2=2.0 0.0192 00412 0.0137 0.0137 0.0302 0.0412 0.0412
n=7
&=0.5 00274 0.0274 0.0183 0.0219 0.0274 0.0274 0.0329
=10 0.0312 0.0312 0.0156 0.0234 0.0312 0.0312 0.0469
x=1.5 0.0253 0.0253 0.0101 0.0184 0.0253 0.0253 0.0461
x=2.0 0.0192 0.0192 0.0064 0.0137 0.0192 0.0192 0.0412
n=8
=05 0.0244 0.0256 0.0183 0.0183 0.0250 0.0274 0.0274
z=1.0 0.0234 0.0273 0.0156 0.0156 0.0254 0.0312 0.0312
=15 0.0162 0.0212 0.0101 0.0101 0.0187 0.0293 0.0253
z=2.0 0.0107 0.0155 0.0064 0.0064 0.0131 0.0192 0.0192

(¢) The mean absorption times Q’ and the variances Y of first absorption times.
Using (2.14) and (215), the vectors of mean absorption times (U) and of
the variances of first absorption times (Y_’) are obtained respectively as:

- (B2 (), M (), ()’ (4 1

+(_1_j—x£)2’1+ 1-;.1:_{_(1-;1-)2’1_{_ 1—;w+(1-;x)2>
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and

V’=%(gl(x), g1(2), g2(x), 9:(2x), g:(x), g:(x), g:(x)),

~

where
g.(2) =1+62-+1022-+52% and g.(x) =1+46x-+9x%-+42°.

142 1
x ozt

It is easily seen that g.(x) and %gg(x) ] as z increases for

x2=0. Hence,
Uur{z21,1,2,3,3) and

V'{0" as x—oo. Furthermore, the means and variances are greater than
(less than) those of no selection case if <1 (x>1).

It might be of interest to point out that it takes one more generation for
aaX AA (or AAXaa) than AAX Aa (or aaX Aa) to reach fixation. This follows
from the trivial result that with probability 1 aax AA—~AAXAa (AAXaa—aa
X Aa) in one generation.

This may also account for the equality of variances of first time absorption
probabilities. Given in Table 4 are the mean absorption times and variances
of first absorption times for =0, 0.5, 1, 1.5, 2, 2.5, 4.0.

Table 4. Mean absorption times (U) and variance (V) of first absorption times

u x==0.5 1.0 1.5 2.0 2.5 40
AAxAa ‘1 12 6 4.4444 3.75 3.36 2.8125
aax Aa 12 6 4.4444 4.75 3.36 2.8125
AaxAA 4 2.7778 2.25 1.96 1.5625
Aaxaa 4 2.7778 2.25 1.96 1.5625
AaxAa 12 6 4.4444 3.75 3.36 2.8125
aax AA 13 7 5.4444 4.75 4.36 3.8125
AAxaa 13 7 5.4444 4.75 4.36 3.8125

v x=0.5 1.0 1.5 2.0 2.5 4.0
AAxAa 114 22 9.7531 5.8126 4.0096 1.9727
aax Aa 114 22 9.7531 5.8125 4.0096 1.9727
AaxAA 108 20 8.6420 5.0625 3.4496 1.6602
Aaxaa 108 20 8.6420 5.0625 3.4496 1.6602
Aax Aa 114 22 9.7531 5.8125 4.0096 1.9727
aax AA 114 22 9.7531 5.8125 4.0096 1.9727
AAxaa 114 22 9.7531 5.8125 4.0096 1.9727

(d) The absolute probabilities distributions of X(#).
Given the initial frequencies as o the absolute probability distribution at

time # is
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a,=a; {1 0 — > Xa; 0 0
~t o~ 0 =1 '~ 0
0 1 ~ 0 0 ~
Py P& Lo 1 A;R
& Lo - 1___11 A

Let fi;(n)

Qozy o3y Aogy -« -«

=P, [X(n)=7 | X(0)

s og), the absolute probability distribution at time # is

=1i], { transient state. Then, given a}= (ao,

= (@oy Vb1, Goa-+bs, by, by, bs, be, be, bg, by),

where
9
bj= gsboifij(%)-

Given in Table 5 are the absolute probability distributions at time » given
various transient states (f;;(n)’s). This may be used to derive the absolute
probability distributions of X(#). This may also be used to compute the
correlations of relatives as has been done in Horner (1956). As the procedure

is rather straightforward, we will not go into detail, however.

Table 5. Absolute probability distribution at time n given the transtent states

AAxAa aax Aa
1 1 1
AAxAA 2[1+ 1+z+x2]“ 200+ 2)* 2[1" 1+x+x2]" 21 +a)* "
[An+2 w(,/?ws] [Am w(l/?)"”*]
+ [
Ay 1+x+x? Ay 1+a-+a?
X -[1 ] X i[1-«- z ] X
aaxaa | 3 l+o+ard 2(1+x)" 2 L+a +a? ™ 2(1+x)"
[An+2 _ "yn(l/;)”'*‘a] [An+2 - 7n(1/;l'_)"+3:|
Ay L+a+a? Ay 1+to-ta?
- lx‘ _ A\ ]
AAxAa 13- l-:t)" [:(/d:) 8n+ An 1_:1 4(1—{~$)"[ AL An—1— (/%) en
aaxAa ~——1—~[ /z)ren+ An-—-j] —m—l—*[ 2@ ~Ap— F(‘/ﬁ)”en]
4(1+x)" 4(1+az)" v
1 e 2% 1 2%
[ SN +1 e e .Y [, — +1
AaxAA 4(1+a:)"[(‘/w)n En—rt Ay A"] 4(1+w)” A" (’/x)n En— 1]
1 = 2x ] [ 2z ]
R S N 41, e ntlg,
Aaxaa 4(1+w)"[ (V) tlepay + A An 4(1+:L‘)" “Ap -t (I/W) n—1
1 44y 1 4
Aaxha | i PSSR
aax AA 0 0
AAxaa 0 0
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Aaxaa

AaxAA
AAXAA h[ g ]* X —[1~ @t ot
) 2 1+x-+x? 2(1+x)" 2 1+w+x3:| 2(1 +x)*
Anty + 7n—1(1/;)"+2] [An-u _ ’Yn—l(l/—ﬂl'_)”'*'s]
Aq 1+o+a? A 1 ra+a?
aaxaa L|: o Ea ]-— x w[ zta ] x
1tx+a? 2(1+x)" 2 1+ 24 2? 2(1-+x)"
[An+1 . 7n—1(1/;)”+2] Anty 7”_1(1/7)1%3]
Ag 1+x+a2 Ay 1+ o+a?
— 1 2A”‘2 Hm 1] —I__EA&E An—-1 | .
AAxAa 4(1+x>”[ A X+ En— 1(1/@') 41ra) L a, An—g—En—1{y/ )" ]
Y r28m #m 1] _l_[_zf_ . S n—1
aax Aa 4(1-{—$)”[ A €X bn—-l(]/x) 4(1+$)” A An—z—r‘c"n—l(]/ﬁ)" ]
o 28n—1 1 res =
Aax AA 4(14_“7)”[ & +Enly/T)" :l 4(1+x)”|: A An-—z'—En(l/a:)”]
2A, A1 ”] 1 2x T
Aaxaa a1 Hx:)”[ 2= 8a(y/ ®) 4(1+a:)”[ A An—1+€n(1/ﬂ’)"]
1 4An—1 1 4Ap—y
A —_— —_— — it LA
Agx 2 4(1 +a)” Ay 4(1+x)” * Ay
aaxAA 0 0
AAxaa 0 0
AaxAa aax AA
1 o1 Aptg 1
anxanl l1-ts A ] - _
2L A+o) A 2L T Tt T 2wy
[An+1 }_'}’n——l(}/;)"“‘”z]
o LAy lirao4a?
1 o1 Apgg Tl : 1
Ar 2 ir. o1
aaxaa 2[ (1) A _‘ 2[1 l+m~}~w2] 2(1+av)"'1><
Apty - 7n—1(1/;)"+2:|
Ay 12+ a?
. 2% 1 2x —
AAxAa] A An—1 - 4(1+x)—1 ["'A:‘An-z'i-en—l(l/‘”)n 1]
: 2o ) 1 22 —
A Agy [ — -1
aaxAa a, Anm 4(1+w)n—1[ A An—g—En—y(y/ )" ]
2@ 1 2% —
AaxAA a, A W[MM—H‘&(/@"]
22 2z
LN - -
Aaxaa a, o 4(1+a:)"~ [ ~Any n(/a:)n]
4An 1 AAp 1
Aax A —
axpna Ay 4(14—@‘)""" X AL
aax AA 0 0
AAxaa 0 0
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AAxaa

AAXAA %[1* 1-?::-302 B 2(1+]a;:)"-1 AZ? a WFﬁi@c’;H] |

aaxaa 7[1+ 1+ -+a? :l~ 2(1 +:c)”‘1 [ A::rl N Wa(alc/f_a)ci;ﬂ ]
: AA xAa W[ 2@ Ap s —En-1(/ T 1]

aaxAa W[‘%"An—z +sn-1(/07)”“]

AaxAA W[ L. 1—en(1/w)":|

Aaxaa W[ 28 it enl /T ]

AaxAa 4(1+1a;)"_1 ® 4AA":1

“aaxAA 0
AA xaa . 0 v
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Appendix 1
Lemma 1. Let A be a #X#n matrix. If A is diagonable, then
D 7 7
A= 5_‘. A;A.-, where Ay, 43, ..., 4; are the distinct eigenvalues of A; }_‘,nlA,-=1,,,
& ,

A% A,,andA A ;=0, i#j. Furthermore, Aj= 7 Tﬁ

—p (A=X:1),7=1,2,...,1
ity ! !
Proof. There exists a nonsingular matrix P such that

4

P-1AP=Diag (Audu - hy dalds oo dy ey Ay ooy Ai)y =0BitdaBat oo +1iEr

¥y rs 7
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where Diag (&1, 2, ..., x,) denotes a nX# diagonal matrix with diagonal elements
L1y Lzy « o0y Ly, and

E;=Diag (0,...,0: 1,1,...,1; 0,...,0), i=1,2, ...,
7
- Then,

I I 14
A= .le ,-PE,-P*lszl/IjAf, where A;=PE;P~1, It is easy to check thatjElA;
i= = =
=1I,, A5=A; and A;A;=0 for i#j.

Furthermore, by pre- and post-multiplying T TFITT(A“A"I”) by P~ and P
k3 J4hi
i#5

respectively, it is straightforward to show that

- 1 —E; - 1 - i
P 1{}]‘—(7;:7;)—(14—/1,-1,,)}P~E, sothat Aj= T "o (A=AL,), j=1,2, ... L
it i#

QED

@
Lemma 2. Let Q=[ . ] be #Xn and @, # X7 diagonable. Then @ is

12

B; 0

k
diagonable and Q":E‘Z/‘ ; [ ;1? QuB; 0
7

}, where u,, ts, - .., #z are the distinct
1

non-zero eigenvalues of @, and B;= Um
J— Hi

v s
LEE

(Qll_ﬂilr)-

Qn 0

Proof. The result follows immediately from Q"=[
Q@i 0

] and lemma 1.

QED
Appendix 2

Section 2 is concerned only with finite Markov chain. It is, however,
interesting to point out some connections between results of finite Markov
chains with stationary transition probabilities and arbitrary Markov chains
with stationary transition probabilities. For this purpose we put

pi;=ultimate absorption probability into the jth closed set C; given initially
X{(0)=ieT,

0:j(n)=probability of first time absorption into C; at time » given initially
X(0)=¢eT.

Then it is easily seen that p;; and 8;;(n) satisfy respectively,

Pij= 2 Piﬂpvf‘l" 2 Pih; j=1,2, ~--’k: iET,
veT . heCj
dii(n)= >} P.-,,(n—l)h% Pyy, 1T, j=1,2,...,k, where P;; and P;,(n—1) are
vel eCj

the one-step and (n—1) step transition probabilities respectively.
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Thus, the probability of first time absorption into persisteht states at time

n given'initially X(0)=1eT is

Bi(n)= $81,00)= 5 Praln=1) 3 5 Pus

veT i=1he0C;
=3 Pry(n—1){1— 5 Py} =p{"D—p{™
veT heT
where
o =P,[X(n)eT | X(0)=il, ieT.

If 0;(n) is a p.d.f. over #, then 6;(%) may be utilized to compute the mean
absorption times u; and other moments of first absorption times of 7. From
the above formular of 6;{#n), it is easy to see that d;(n) is a p.d.f. over # if
and only if }ll_r’g p{=0 (the limit exists as p{M=<p{"B), that is, the probability

is zero that the chain will stay forever in T given X(0)=4:7. We now show
in fact that the g; ’s satisfy

pi=1+ %Piﬂﬂv’ ieT’

which is a well-known formular for mean absorption times.
We have, for every iT,

0 o o )
Hi= ”2=1n8,- (n) =n§1n[p£_n——1)_p$_n)] — néopgn) =1+”2=lpgn),
and PE")=Pr[X(ﬂ)€T ‘ X(0)=i]=v%PivPr[X(n)8T | Xey=v]= ZI Pivp(:—l).

) © . 0
Hence X p{M= 3 P;y 2\ 0= 3 Pi,py, for every ieT so that, m=1+ 3 o
7=1 veT n=0 veT n=1

=14 3 P;,u,, for all ieT.
ﬂeT
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HRETE M4 A% 426 RA
HBDTERGLEFHRYIFED

& s 7
25 R N B R

1. RS ERBEREZERER 4] (Stationary finite Markov Chain) #2
fe—sbgr B ARFEDGI (a) BIEFTSE (Transient states) AR 7 B2IRTZHBIKA
Fe—darE v EAS4E (Closed set) sz 5 (b) BEFTERERZHBREAR—LEEEEL
Hezs 5 () SBETTERRERE 2 2PERKAE—BERaEZEE ;s (d) BpagEss
BRBAIRATLER (Persistent states) ZFERBEEERE (e) BELRZHERIBLATTA
T o#E (Variance) o ‘

2. AHRPFEBE FRER R EE (Selection) ZE8E 5 R _Liks AP
ERE B (Transient types) ZHREA ZFEEEELAS (Mating types) AAXAA
X aaXaa ZHIEREE » PIEREERIR G AR Z 85 2 JE o AR3ARR BREE » M
EEIBA 2 BB A o BT Z FHEEARITIIZ IR (Spectral expansion) ; #i5
ik F SRS LE s ST S (Transition matrix) ZEE# (Latent roots =% eigen-
values) iz o





