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Abstract

In this paper some distribution theories of the segregating diploid popula-
tions from crosses between two inbred lines are derived, assuming that some
information concerning the ancestors are available. These results are then
used to obtain the expected values of some statistics, thus extending the results
given in Hayman (1960) and Mather and Jinks (1971).

Infroduction

In a recent paper, Tan and Chang (1972) derived some distribution theories
of the segregating populations from a cross between two inbred lines. As a
continuation of that paper, I derive in this paper the distribution theories of
the segregation populations when information about their ancestors are avai-
lable. As in my previous paper, in this paper I shall also restrict myvself to
sufficiently large diploid populations and assume that there are no genetic-
environmental interactions, no selection, no linkage and no epistatic effects
among loci, etc. Moreover, it will be assumed further that the errors are
independently and identically distributed and that the effects of genes are
equal over different loci. It is of interest to note that the formulas for
variances and covariances hold also without the assumption of equality of
genotypic effects from different loci.

In section 2'some representation formulas for the distribution theories of
Fr, £>>2, populations are given under the above set of assumptions. These
results are then utilized in sections 3 and 4 to derive probability distributions
of various statistics and the expectations of certain quantities. For notations
and genetic terminologies, I shall follow in essence Mather and Jinks (1971)
and Tan and Chang (1972), unless otherwise stated. Thus, V,s, is the variance
of F,; line means, V,;, the expected value of the Fs; within line variance®;

(*) Mather and Jinks (1971) called it the mean variance of F,; families, We rewrite
the language so that it is more clearly understood, Similarly, we rewrite the
descriptions for the F, variances in order to make it more understandable
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Vir, the variance of means of groups of F, families descended from one F,
ancestor, Vi, the expected value of F, family means within F, ancestor
groups, and Vs, the expected value of the F, within family variance, ete.

The representation formulas for the distribution theories of Fr(k>2)

Let Y; denote the random variable for the phenotypic value of the Fj;
population and assume that the effect of the plots in the field layout is the
same. Then, using results given in Tan and Chang (1972),

Yi=pi—nd+2dZ¥+(d+h)ZP+e;,  §=2,3,4,... (2.1}

where u; is the grand mean of the jth generation, 4 and % the additive and
dominance effects, respectively, (Z{, Z{) the random variables for the genetic
segregation of F; generation so that

1

(Z$h, Z‘”)~Mu1t(n, 5 (1~ 1) 7=7)>

. and e; the random disturbance for Y;, which is assumed to be independently
distributed with mean 0 and variance 4.

Suppose now information about the ancestors are available. Then it is
seen that Y; mav also be represented by

Ys=ps—nd+2dXB 4+ (d+h) XP+2dX D +e5, (2.2)

where ;5;2)=(X§2>, X®)~Mult(n; %+, +) denote the random variables for the
genetic segregation of Fs ancestors, and z;=(X{®, X{P) the random variables
for the genetic segregation of F; individuals within F, ancestors so that the
conditional distribution of (X{, X®) given x is

(XO, XP) lzaw~Mult (X; 1, 1).
Let %4;(#) be the characteristic function of e;. Then, since the e’s are
independent of the randon variables for genetic segregations, the characteristic

function of Y, using (2.2) is then, with i=v"—1,

, (8).,.4(2 (3
bo(t) =Eei¥sl =gitm=nddt [ (f) g dex Pyt a+mxPy

., (3) @) R (2)
— piug=nd>t hs(t) S{ 8 ect;’_ZdX1 +(d+h)yXg ]}eztzdxl

~2 ﬁ [2

—gitu=nd) p(F) 5{ it2dx{ [ 1 ext2d+__e|f(d+h)+ 1 ]

x(2)

= gitugmnddt [ 1 = gitzdy - 1 (1 e,:zd_,_ e:t(d+h)+ _]
=ei(u3-nd)t hg(t)[%—e"zd+~4—eit(d+”)+—?§—] s (2.3)

which is also the characteristic function of Y, using (2.1).
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Hence, the representations (2.1) and (2.2) are equivalent in the sense that
they provide the same probability distribution. If e; is normally distributed,
then the probability density function of Y, using (2.1) and (2.2) is given by

g B 1y n-s
rw= 3, 8;:(5:32)(7) 3
Sg Sty [ o Iyt 71\S2-8 1
’ tlz'o t22=0 (tl,ztz) (7) 2 (Z) o V27 o3
+ exp { =g [y— sk nd—2dt,— (d+ 1) tr—2d5, T}
w n=sf n 1\f 73 \2¢ 1,
= Qéo =0 (s, t) (—4—) (—E—) 1—/-2—7-':_ O3

1
- exp {— 5 [y—ps— (252 —n)d—th]?}. (2.4)

Similarly, Y, may also be represented by

Y,= py—nd+2dXO+ (d+h) XPH-2dXP+2d XD F-e4, (2.5)
where z;=(X{®, X{P)~Mult(n; 4, +) denote the random variables for the
genetic segregation of F, ancestors, §;=(X§3>, X(23>)!.1:2~Mult(Xg2>; %, %) the
random variables for the genetic segregation of F; ancestors given F: and
§;=(X§4), Xg‘>)|g3~Mult(X§3); %, +) the random variables for the genetic
segregation of F, individuals given F; ancestors.

Again, it is easy to show that (2.1) and (2.5) give the same characteristic
function ¥Y,(¢) of F, phenotypic values as

Yrult) =ha(2) eiten=nd) (L gritd g gearmitg. L), (26)

where hy(t) is the characteristic function of e,
Hence, the representations (2.1) and (2.5) are also equivalent. If ¢, is
normally distributed, the probability density function for Y, is then

2 "3 IyiagdN2 Ty
)= 3, jgz(ibnjl) ()"
i3 73] ] 1I\7271\7 177,
) i22=:0 j22=o (iz, 1]2> (7) (T)

iz Jg=isf § T\dsy1\Fm7s 1
.i3§=:0 j?‘o(ig,zjs)(?) S(Z) 2 3]/_2;64

+ exp{—por [y—pbnd—2(ixis+ia) d—jald+1) P}

7®

7n—s 1 4 7 n—t 1
=35(")@) @ s

+ exp {~ o [y— m— (2s+1—n) d—thT}. (27)
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In general, for £>2;, Y; can also be represented by

Y= ps—nd+2d ﬁ:z X+ (d4-h) X +eq, ' 2.8)
p3

where (X®, X@)~Mult(z; %, %), and

(X(9, X{0) L(X{D, Xg—0)~ Mult (X005 1, 3),  s=3, 4,..., k.
\

Again, it is easily seen that (2.1) and (2.8) give the same characteristic
function rp(#) as

Vi (8) = hy(2) eitc™ m[ (1— Zkll)ez‘”

+7§1:1_ e(d+h)zt+ zk-l)] (2.9)

Whére hi(t) is the c.f. of e;. Hence, (2.1) and (2.8) provide the same pro-
bability distribution which can be derived by applying the inversion formula

on Y (¢)

The distribution theories of the Fy, k>3, phenotypic values when information
about their ancestors is available '

Using results given in the previous section, we derive in this section the
probability distributions for some quantities and use them to obtain the
expected values of some second degree statistics. We notice that the results
for the means and variances to be given hold also without the assumption of
equality of genotypic values from different loci; in the latter case we need
only replace #4, D and H by 2 hj, D= 2 d} and H= E h%, where d; and hj
are the additive and dommance effects of the jth locus

Let Y,, g sp be the observed value of the sz_;th F, individual from
the s;_.,th Fk_1 ancestor, the sp_gth Fi_, ancestor, ...and the s;th F, ancestor.
Then, using (2.8), ‘

Y-Ieslsz-.-:zk___1 = k—nd+2d[X§23)l+X§§)z(sl) +X§?3(slsz)+
+X1$k 108182 —z)]
+(d+h)Xg’;)k_1(slsz--- +eksls

S p—g)

(3.1)

2t Spey?

where (ngl, X§25>1)~Mult(n; %+, +) independently for all s;=1, 2,..., m; and

143 (r) ’ (r)
conditional on (Xlsr—1(slsz"'sr-—z)’ Xzsr—-l(sl"'sr—z))’

(r+1) (r+1) (r) r)
(Xls,(s S, Xzs'(sl"'sr—l))I( 13,_1(31._.8"_2), Xzsr—l(sl'“sf—Z)

,1\1)

~ Mult (ng)r—:(sr“ $,5)? 4 "2“ ’

independently for all s, =1,2,..., m,, 7 = 2, 3,..., k—1; furthermore, the
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ek3152”';k—1s are independently and identically distributed with mean 0 and

variance ¢%, and also independently distributed of the random variables for
genetic segregation (i.e. the X’s). From (3.1), the characteristic function

(c.f. in short) of Y . is obtained as

ks SyevSp_

Yri(w) = hi (o) e"“’(“k””)[%(l——z,}—_l) g2dio

" 2]31__1 e(é+h>im+_:]7;‘(]‘— “27?1—'1_) ]”:

where Ap(w) is the c.f. of Chs sy sy Using Yri(w), the mean and variance

of Yy, 5,..5,_, 8T given respectively by

‘ ’ X
EY kg sy s, = HbT GE R
and
1 1 1
Var (Y, 0,.05,) = (1= gm5) Dt g (1= gaer) H o,
where D=nd? and H=#»nh% Put now
= ' 1 "p—1
Y"’sxsz Sk—z Mp—1 sk_1~1Y’”x"2 Sk—2%k—1
- 1 L
L Pl Myt s’+1=1Yk3152 . f 7—1, 2,. s k—'g,
and
o=t S ¢
bevsse =— mlsf__l ksl ......
Then, for »=2, 3,..., k—1, we have for the representation of Ykslszmsk'
—-r
Yksﬁz""’k—-r"' .
=/'¢k'—nd+2d ['X:(L?I-I_Xiss)z(sl)-l- e +X§ks;1::()slsz sk—-r—-1)]
F2ATRET, A RET R ]
. +(d+h)ng)(slsz"'sk—r"')+éks).52"'sk—r cees (3.2)
where
XGio 9 54myen)
1 My _ypr1l Mp_ypis
T Mhar i1 Mh—rtne .- M1 EPRIAL I U
mg,
(a)
3n§=1stﬂ_1(s,lsz.” sk—r"’_s'a—z) a'
for all &>»a>k—r<+1 and r=2, 3,..., k—1, and where the ékslsz"-sk—,"- are
similarly defined as the ¥, . ..s,  ...s- '
Using (3.2}, the c.f. of Y., , sy e CAD readily be derived. For this
1°2 -7

purpose, we put @y(w)=e+®i and
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0,()=[ L 1 Lo, (0 )4 1],

2 N -y 4
r=1,2,..., (k=2),

and define Yoo ops, = Vs oprespy and

[0} Phpts Mhpemp g My
he(w)=| hg ’
ME ey 1 e —p 420 M

if r=1. (3.3)
Then, it can readily be shown that, for =1, 2,..., (k—1), the c.f. of
Yks S, . iS

Sh—yt

R 0] My ) Phepig " Mp
‘1";'((0)=e""(”k_”d)[hk( )] r+1 73 1

Me ey 1 M —p 3. . M-

A (1) et g0, o) 42 (1m )

(34)

By the inversion formular, the probability distribution of ¥,, (g Sp e
-r
is then

fk(r) ‘21 [ e” 'ya)'\ll‘

-2E( )[z '2k1—r):|n_t[zk1—r]t

1_f gio(up—ndy+adios—iyo

S on

{ ( (0] ) Mh eyt 1Ml My
My 41 Mpmp . . M —1 }

{0, _1(w) ) dw.

If the €hsys,005,_, S are normally distributed, then

_ n n—8 7 n-—t 1
fk(1)(y)~s§0 tlz;.o(sl, tl)[‘* — o= 1)] [2’” 1]
* 9(Y; ur—nd+2ds,+(d+h) ty, &%),

n BoSyEMp bmy =Syt M g b My, n
Sren(y =2, ..

sy 1=0  s,=0 t,=0 sy=0 t,=0 81, &1

¢ y - —r "
(1;:1;21> <t lsiw;’ +1>[% o r)] ¢ [Zklr

. (‘;)tlmk_l—t2+t2mk_2-t3+'..+t’_1mk_r+1—t, (1)12+t3+...+¢,

. . _ S2 Ss
0(vs mn—nd-+odsit2d L —tod 5

. +2d Sy (d+1) L

+ .
Mp—-1Mp—g.. e Mp oy mk_17}1k_2...mk_'+1,
9%

- .5
mk—lmk—z-..Mk-—r+1)’ k=127 >2, (3.5)
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where g(y; g, 0®) denotes a normal density with mean z and variance o=
For deriving the moments of Y,,s sye-s,_ eees ONE may use (3.4) directly.

We now proceed to derive the expectatlon and the variance of Y, ”

by using (3.4). For this purpose, we notice the following two lemmas

Skhey

Lemma 1. (([d/dw) D (@/c)) wmo = 1/c((d/dw) B, () wmo and ((d2/dw?) B, (@/c)) om0
=((1/c2)(d*/dw?®) @, (®)) w0, Where ¢3=0.

Lemma 2. Putting A, =(1/i){(d/dw) 0 (0))s=o and L,_;=(1/i%){(d?/dw? @, -{»))
o-0, then A,=d+(4/27), r=1, 2,..., k—1 and

Lr‘—1= (d+‘2—fl:T)2

1 Lo 1 4
+ 21 2° TV My s 1 Ml rb2e - Mh—pra (Zd +22(”“)h )
1 1 ey 1,
+ 2,_2Wlk—r+1 Wl e gee o e et [2 d + 4 h :I’
=2...k—1.

The proof of Lemma 1 is trivial, To prove Lemma 2, we notice that, by
taking derivatives and applying Lemma 1, we have:

1

=gty A

and

L= (d5) + ot (= (a4 ) )+ Lo

Mp oyt 2mk—-r+1
Solving the above difference equations and noting that A,= (1/:)[ (d/dw)®,
(@)Jo—o=(d+h) and L,=(1/:) [(dZ/dan)070(‘w)],,,=0=(d+h)2 as Oy(w)=e@+hie,
Lemma 2 is established. Now,

S’Yksls'z Spe =i i—logm[r,(w))

r o=0

—/-tk—nd—l—n[ 2,, ,)d+ Zk =7 Ar-1

—,uk-—nd—!-nl:d Sie i dt o A i lh]

2k r
1
=ﬂk+-2k—_1nh (3.6}
by Lemma 2. For 7=2, 3,..., k—1,
Var [Y;,slsz...sk_r...]
2
=5 (Lstog b (@)

4
Mh—rt1 My gze . Mp—y *

I VR
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= 1 2
Me—r 31 Mp—r42-- M —1

2 (1 gty ) d g ()

1 ,,1,‘ 2 _._1_, 2M
M ey g1 M —r iz T —r4a (2 d +22('—a)h )

h
+2k~2 Mp—~r+1 ”:’ll-k—-r+2. o Mp -y, (_%d2+%hz)_ (d‘l“é“,;:f)z]

72
+a§1 2k—-r+a

by Lemma 2.
After simplification, we have then:
Var [Ykslsz...sk_r...]
- 1 2
T omy- r+1mk—r+2---mk—1[dk+ 2k— 1 ]
1 rl 1
+212k rta- lmk r+1mk r42e. Mp— ,+aL2D+22(, a)H]

+[ ] 2k ~7 D+ Zk -y 2, '—'—172“ H] 1’=2, 3,..., (k'—l).
(3.7)
Notice that the second term is taken to be zero if r<{2. ‘In (3.7), if k=3
and r=2, then '
& 1 1 1 1 1
Var [u,: 1=, (s34 D+5 H) +[ gD+ 5 H]=Var,

as defined in Hayman (1960) and Mather and Jinks (1971); if k=4 and r=3,
then

Var [Yas,. D= mzlms [ai-l——%—--D-}—TlgH]
s L (oe )+ (G0 )=,

as defined in Hayman (1960) and Mather and Jinks (1971).
Suppose nNow S, Sg,..., Sg—r—1 are given; then, using (3.1) and (3.2), we

obtain the conditional c.f. of Yksﬁz--'sk . given Si, Ssye..; Sp-r—1 aS,
—r
jofuy—nd+2d(x() +x e
k(l)(w) =g () @ TR IS P sy T sy Dyt s p?

£~
. {%‘62‘““’-!—*%_6('“"')“"'{‘%:} 25p 9(S1Sp - Spg)

and
() (a))—{h ( %) ‘ )}mk—r+1mk—-r+2"'"’k——1
=3\l
k) Mpmr 41 Mp—y 4. mk -1 ‘
- 2) (3) (1)
‘e:m[uk nd+2d(x +X1s2(s )+ +xlsk g8 18y Sk‘—f"‘&))l
(k—T)

1 1 x2s (8,8 S o)
. {4 - r—1(w)+z} k—r—187172" k—r 2,

L R (3.8)
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Using (3.8), we obtain the joint c.f. of ¥,, "

S p 11 S 'r-12 2

¥ as
I EETPYISE FORSE PRI
1pk(r)(wl’ [OF RN wmk—r‘)

_mk-r

¢ 2 @ilu—nd) ""ﬁ-'{h ( w; )} Ml sl My

= = I3
i=1 Mp~rt1Mpmr gz, - Mp 1

. {*—;‘}T(l—-ér_},—:{)eZdi' wj
+'2-,7_.1,Tf";,i=1—;r[%ez’““’i+'%‘@r—1(wi)+%‘]+‘%“(1_2T—1F——1)}na
(3.9) -

Using (8.9), we obtain the covariance of Yk‘zsz"'sk-r—xj"' and

ks 152 Sk_r_lj’ as

, Y N
eSp - 1] kslsz...sk_r_ljh..)

Cov (Y,, i

= m—AP'** (wy, @ @ )]
- 1 %9e o .
Zz[ 6(0_7' Ga);' k(r) H ’ > my a"l:w?:'“:w"'k—r:O

= {5 (1= =) Gy 4 e L)+ S AT
~[5 (- pd=) Crt gt (R en+1a, ) T

= n{2 (1= grrer) @2+ ey (a4 k)

[t g ) T)
- nfo(imgrber) ks ) = (o))
{1 gt (o))

= (1—grres) D+ s (5 _,le)H (3.10)

Using (3.8) further, we have for the conditional expectation and variance

of Y’”lsz"'sk—r

(i) For 2<r< k-2,
S(Yksls oo

. given s, Say... Sp—y-1:

g gy 1510 St Spopa)

=up—nd+2d [X() +XO o+ AXED. P

1sp oy 1(sls2

: 1
(k—r) S - el
+X2‘k—r—1(’1sz"‘sk r-—a)[ 2 d+ A""l‘

= m—nd+2d [XQ +X@ )+...+X(’C n

1sp_p— 1(3132 *Spey

EX @ [d-l— ]

2 gy (515 Sy )

.
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by Lemma 2, and

and

(ii)

and

Since

1 2

Var [Ykslsz...s U

T O P
k—r PR Me—y 1 Mp—pta.. . My

+X‘("If“‘_k’2r-1("1sz"' sk—r—z)[dz.{‘%L’—l - (d+§}—lr) 2],

(Y

kslsz...sk_l‘sh Sase ey Sk—z)

= py—nd+2d [XE +XO , +.. +XED ]

1sp_o(5455 -

— 1
+ Xg"c’kl—)z(‘ 15200 ‘k-s)[d+7h] .

Var [Y“ﬁz'"‘k—llsl’ Soyerey Szl

XD [ o= (04 4)]

e Spg)

— 1 1
= 02 + ng Ifel)z(s 152" sk—a)[7d2+zk2]'

S{X(k—r) I(X(k—r—l) (fomr—1) )}

18y (818 S ) N AS g (818 Sp g TSy (S 1Sp S hoyg)

_1‘._ (k=r-1)
TR 1

28 ppg(S18p Sp_p3)’

E{X -

[(X (E=r=0) (k=7—1)
25 p_y—(S1Sg 1 Sp_yp)

1sp_ r__z(slsz sk—r-—s), 2$k_r_2(s132--~sk__r_s)}

_“X(k—r—n
28y —g(S18p Sppy)’

5X(1231=%” and EX{) =4n, we have then,

8{8(Yk3 1Sg0 Sp lsls Sgye e ey sk—r-—l)}

k r=1 k'—r—‘l 1
= uk—nd+nd[ 7) ( Jen( %) " (a+50)
=.uk+?—:l—nh, 2 3 k (3.11)

Cc‘,’{a(les 1857 lsl’ Sgyeeey Sk—z)}

k 2 k 2
—,uk—nd+nd[ﬁ 3+ () T (F) " (@)
=t ‘é‘]{?”h, (3.12)

8’{Var(Ykslsz...sk_' . lslx Sgye e sk—-r—l)}
= 1 o2
Mpmr it Mpmrpg. s Mp1

+(3) T @ L= (0 2]
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7

1 2

Mp—yr1Mp—p .. Wp—y

+(g)" e () 4 g (a5

+:2j 2° Mp—r a1 mk_1,+2. My ta (%dz_l-?ﬁ?l‘—“)hz)
t s (34 )
= M —r+1 mk:_l,ﬂ.. - (Ji_l- 2”1“1 D+§1?H)
+:2:_.j2‘;:;;,,_1 mk_,.,.l}nk_,w...mk_,” [%D_l_ 22<’1’”>H:|
+ (gDt grir=H), 72, 3,0, (k=2), (3.13)

- and
8{Var(leslsz-~-k__lisl’ Sgye ey sk—-z)}

1 1

i (%)k-zn[%dz-l-%‘hz]:“i"'zk—"l])-l‘“z‘[l{' (3.14)

In (3.13) and (3.14), if k=3, then
EAVar (Yasyesl50)) = 63y Db H= Vs,

as defined in Mather and Jinks (1971); if k=4, then

EVar(Tusope 50} = (o35 D+15 ) + (1 D+ 57 H) = Ve,

and

EAVAT (Yasyse, 50 5} =it D+ e H=Vsr

as defined in Hayman (1960) and Mather and Jinks (1971).

The expected values of some second degree statistics
Define
Var [Yasyeeeees]=Vyr,,
and
EAVar (Ve osponelSts Soreey Sro)b=Vop, 7=2,3,..., k—1;

7y

Sk(1>=ms§1(Yksl...-—?k...)z,
and
1 my Mg
Sk My M. . . My—y (m,—1) 512=~‘1 s22=1
My—1 My _ -
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with ?”"1’2"'sk—1=Y”’1‘2""k—1'
In this section, we proceed to show that
ESrer=V,p,, =1, 2,..., k=L

Now,

Sk(l) =

1 ~ -
w—1 s12=1(Yks‘."_—Yk"')2

Hence,

ESrw = m—ll:f {m Var (Tpspees) = Var (Tee o)}
=Var (Yksl...) =V1Fk’
and

1 -
ESpn= my my. ..m, Var
H My . My 1M, —1) tomymy 2 (Ykslsz...sr)

— Wy M. . Wy 1M, VAT (Yksls2"'sr—1"')}

I

But, from (3.7),
Var (?kslsz...sr...)

_ 1 1 1
T M1 Mrsn. . MWp o (02—*_ 281 D+FH)

kr—
+ 3 : 5 : H|
1

= D+ p——
& 2T e Ly Wy g Mgl 2 2uk—r—a)

my S -
m{Var (Ykslsz.us,_.,,)——Var (Ykslsz-..s,_ )}

[ (1-3 )0+ pe (5 30)7] o

-7 Ok
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and
Var [?ksls .. ]

2 Syt

1 1 1
My Myy1...Mp—1 (62k+ 2F-1 D+_2_FH)

Il

+ 2; 2r+e- zmlm,lﬂ Hytq— 1(LD+_2‘2‘(7?:%—‘E+T)H)
+[(1 2’ 1 D+ k- 2(2k 71 2k H]

1
= My My 1. .Mp 3 (G2k+ 282 D+ 2k H)

koy—2 1 1 1
azo 27+e-1 My My g1 Myag (WIZ'"D+22(":"‘“) H)

+[ (1= ) Dt i (g rer—ae) H]
=71 mr-l-lmr-I]:Z Mp—y (61+%D+2—£H)
k—r—2 1

+ azl 27 g My s m,+a(2D+§ﬁ'1—r+_a?H)]

"‘2* 1—(”‘D“Lzzck Sy H)+ (1- 2*—1)D

1 1
+ E?—T (Wﬁ"‘ "27) H : (4.2)
From (4.1) and (4.2), it follows that '
Var (Ykslsz...s ...)—Var (Ykslsz... )

» Syt

= (1- M}L,)[ My gy m,.,l.z. Wy (Gi‘i‘ Zkl‘l D+_23TH)
k—r-—-2 1

1 1
a§1 27y Wy pge . Mpag (_?D+ DEE—FFa) H)]

so that

ESrim= 1 My ("‘i'f‘ 2k1-1 D+%H)

My 41 Mygg. .-
1

e 1 1

B 2:‘ 2r+a~1 Myg1Myya..  Mypyg (7D+ Q2(k—r+ta) H)
1

+(z D+ 22k """""" H)"’—'Vnk

(see (3.13)), r=2,3,..., k=1

If £=3, then




80 Botanical Bulletin of Academia Sinica Vol. 16

and
1 um o\ ov. el o
(o=, B, 2, Yosses= Yaer)} = Var= b Dg H;

if k=4, then
1 "y o
8{m3§=1(¥431“_y4___, =Vir,

1

"o My

1 1

= (3D+5g )+ (D H)+ (s2+3D+ T%H)

1 my Mg _ _
oty 2 2, T Yare )} = Von

= (3D+ H) + - (a+§ D+ 5 H),

ms

and

2 (?4313233_Y4s1s2-)2

my Mmalms—1) 51 5521 s5=1
1 2 3

8{ 1 my my Mg }

1 1
= Vlgl.-4 = 0‘Z+ *‘8—D+ TgH'

The covariance between Fy, and Fyp, phenotypic values

Using the representation results given in Sections 2 and 3, we may also
derive the covariance between the F,, and Fi, (k>k.) Dhenotypic values.

Now, from (3.1) and (3.2), if the Y, , , .., _l’s are offsprings of Y, , , .

. P
BySySpeeSp iy
= pn,—nd+2d [X® +XO  +.. '+X;?::1_1<sls2--- fpp]
SRCAT D SR R (5.1)
and
= wy—nd+2d [XD + XD, +.. .+X§’;‘k’1_1(3132... _—
F2A IR, RO, ]
F ARG oo T aye ey e (5.2)
From (5.1) and (5.2), it follows that the joint c.f. of Yk13132""k1—1 and
Ykzslsz"'skl—f"' is readily obtained as, if it is assumed that Chys sy tpimn and

Chys oy Ty are independently distributed,
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jo (py —ndytio (uy, —nd
P¥ (@, 0g) =’ 1 BT IOTIONTD

(00 {h N i N TR Y
s Ay lon By
Mgy Mp 1. - Mpy—1

. {~%_(1__2k]1~__1)e2di(wl+mz)+—z—k%—__—l——Qo(wl) Dy, (05)
) e

Using (5.3), the covariance between Yklsls

obtained as (k.>%),

and Ykzsxsz""’ ..., is then

2 S k-1 ky—1

Ll

72 \ 0w, 0w,

Cov (ki ks) = log ¥¥ (w1, 0,)}

=n{2(1=gi=r) d*+ gier (d+R) Aryes,

Wy=wg=0

Ll pkher st
x[ (1= ger) 4+ gt Aeen, )
(i gl gl (a4 )

~ (i) (1= i )+ s (gt ) 1)

=0 {2 (1m gty ) AP gy (24 d) + ey (dht 1)

AT

~ (a+ 2,3_1 k) (a+ 2,5_1 )a
=n{(1- 25-1 )ar+ 25—1 (1~ zkl-1 )7}

= (1= gier) (D ey H). (5.4)

In (54), if k=2 and k=3, then  Cov (2,3) =1 (D4} H);

: 1 1
if E=2, then Cov (2,k:)= ; (D+55,=r H);
if %=3and k=4, then Cov (3,4) = (D+ 5 H), etc

Some simple results such as Cov (2,3) have been given in Mather and
Jinks (1971).
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