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Abstract

A two-parameter Poisson process with mean function e(1-—g#)(0<B<1)
was used to describe and to predict the distribution of the egg clusters of
Scirpophaga nivella on sugar cane. The maximum likelihood method (MLM)
was used to estimate the unknown parameters g and § Estimates of g8 with
the MLM and Bayesian are compared. With tables provided, the maximum
likelihood estimate can be obtained easily. Uniqueness of the estimates is
obtained. The sampling behaviors are studied by using the Monte Carlo
simulation, From the results of the latter, a method to determine the optimal
observation size is described,

Introduction

The larva of Scirpophaga nivella, an important sugar cane pest, bores
through young shoots of sugar cane soon after it hatches out of the egg and
causes dead-heart, Since the degree of damage caused by the pest is closely
related to the density of egg clusters (Lin, Liang and Lin, 1972), the knowledge
of the distribution pattern of the egg clusters and the change of the egg
clusters at some future time are considerably important.

Lin et al. (1972) pointed out that the Poisson process with a properly
chosen mean function might adequately be used to describe the distribution
of the egg cluster of S. nivella and its change. In the present paper, the
Poisson process with two-parameter mean function was used to analyze the
data which obtained from Hsin-Ying Sugar Cane Improvement Station. The
maximum likelihood method was used to estimate the unknown parameters.
Uniqueness of the estimates is also obtained.

Monte Carlo simulation was used to discuss the distribution of the estimates

(1) This work was supported by the National Science Council, Rep. of China.
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and to determine the optimum number of plots. The possibility of using the
estimated process to forecast the change of distribution is also discussed.

Distribution

Sampling of egg clusters was made at Hsin-Ying Sugar Cane Improvement
Station, Taiwan Sugar Cooperation during the crop year of 1967 to 1968 by
Mr. Liang of Taiwan Sugar Research Institute. An area was taken for in-
vestigation started on the 26th of september 1967 at three-week interval. The
area was divided into 15 blocks, and each block was subdivided into 40 plots
with a size of 4x1.25 meter square of the plot.

The cumulative number of egg clusters up to the time of observations
are used to obtain means, mean squares, ratios of mean square/mean and
2 {x;—Z%)*/%.  Results are shown in Table 1. Since S (x;~2)2/% takes the
well known form of 3 (0—E)2/E, it approximately follows the chi-square
distribution with 39 degrees of freedom. The values of 1025 and 52 points
of %, are 50.6 and 54.3, respectively, thus the distribution of cumulative
number of S. nivella egg clusters up to time ¢ in a plot may be adequately
followed by a Poisson distribution such as

e YD [W(t)]% /2!

where ¥(¢) is a properly chosen function of time.

To obtain a proper form of mean function, the observed mean from 40
plots in each block was plotted against time, thus the results were shown
(Fig. 1). When the growth rate of egg clusters reached a peak, it decreased
and tended to zero. The results indicated that the curves of the mean function
approached an asymptote sharply. Therefore, if the instaneous growth rate
of egg clusters is assumed to be an exponential form, the mean function can
be evaluated from . ' ' - '

v () =£' ae™t* dz=%(1—e~%)=a(l—f), 0<B<L

Thus, the probability of observing egg clusters x in the time interval of
(0, #£) may be taken as
P.(t)=e " [a(1—p) 15 /a1, 0<p<l (1)

and the probability of egg clusters Y newly observed in the time. interval of
(¢=1, ¢) is given by
gult) = @D [a (1) gr17/ Y
=e—-6ﬂ' (£81)¥/Y! ‘ . . (2)
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Fig. 1. The curves of observed mean function of egg clusters in each block of 40 plots
at time £ (R;=the ith block, t,=Sept. 26, 1967)

where

$=__H__L ’ (38)

Estimation

If observations are made at m equispaced time, at the same # plots of
each m, time ¢ may be coded into t=1, 2,..., m. If {y;;} are used to denote
the number of egg clusters newly observed at the jth plot in interval (i—1, 1),
the likelihood function will be given by

L(%11 %izre e vy Yins Yonre e vr Umn)
= exp(—n¢ 3 ) 1T (269)7+ / 1T 11 v:51 (4)
i=y =1 i=1j=1
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where y;..=X%_,%:i;. I the log-likelihood function of (4) is differentiated
with respect to & and B, we obtain '

@%)—?Ii:—nélﬁi-l-yu/g
= : ) (5)
———§§—A=—€"2 i3 S iyi/B

i=1 i=1

where y..=3" y,.=3", %, ¥:;;. By setting both of (5) equal to zero, and
eliminated &, we obtained;

1Y, 1 mp™
v TI=g t 1= =0 . (6)
then
. Y.(1=-8)
= B(1—p") - ()

Since 0<p<1, for sufficiently large value of m, the third term of (6) becomes
negligibly small, the value

BO=1-1/A

where A =3" {y:;/y.., may be used as an initial value in the iterative
process. Also, for 0<p<1,

. (8)

is a monotonic increasing function of 8, then a unique solution satisfying (5)
can be found in

1>p>1-1/A (9)
Since
2
0 21;;%__ —Y../E

o logL _ 8°logL _ & ..
5208 — OpoE — nziET (10)

2 " .3
Plogl— e $iti-1) pim2= 3 ive/8?
i=1 i=1

the information matrix is given by
[MEB‘/S n> 1B ]
I= i=1 i=1
n le Bi—l n‘S -Zl iZ Bi“'z

then
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M=w"S' & (jmiye giris (11)

i=1 7>

Also, from (8), Hessian matrix is given by

[—%-/S2
—n.gliﬁi_l I’lf

From the values of § and B with the satisfaction of (6) and (7), the deter-
minant of Hessian is

lﬁ:l

it

i(i—1) pi—2— le‘y,-./BJ

'Mi

k

ﬁ S (j—i)? Biti-2>0
i=1 §j>i

1
Therefore, from (10) and the monotonisity of (8), a unique maximum likelihood
estimate (MLE) of 8 can be found in the interval of (9) and hence to estimate
of &.

As the method described above, the following results are obtained from
the observations at the Hsin-Ying Sugar Cane Improvement Station:

v:.=96, 57, 19, 6, 3, 1
A= 1iy:/y..=17143
£=0.4059
3=0.4292
a=10.3052

Tables of 1/(1—B)—mBm/(1—"), 1.0/(1—B™) and (1—-B)/(B(1—B™)) are
provided in Appendix (I-III) for simplifying the estimation procedure with
a desk calculator, if the digital computer is not available,

In Bayesian approach, the Jeffrey’s prior is defined by

P(&, B)oc|I]1/2
and with this non-informative prior, the joint postorior is given by
—n i m o )
Pl Bly)ec|Iwee a0 I (epiyrr (12)
Integrating & out, we obtain

@ - Eﬁ‘ﬁi % 2TFR
P(Bl?/)oclllllz‘/; e "2 5%‘-{3:‘:12 de

w1 5 24

or

3 EYie—Yee—1 Yoot
Psly) <[5 & iy pr] R LA2E T

i=1 7>

(13)

&
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For m=6, as in the observation at Hsin-Ying Sugar Cane Improvement
Station,

“E £Yie—Yo—1 — Yookl
P(Bly) o< B s

- [B-+452+105%4-2084+354°+ 2035+ 10374 438 B J1/2
and for the observed values of 7..=182 and 3™ _{y;.=312

i=1

‘1[1’2 6129 (1_3)183
(1__36)188

P(Bly) o<

The numerical intergration is involved to evaluate the expectation and the
distribution function of B. The results are shown below Table 2.

Table 2,
8 o1 | o2 03 04 ’ 05 ' 0.6 07
PGBl | oo } 0.7 E 0.0004468 | 89125925 | 10869448 | 00000158 | 0.7
{puiau | oo [ 0.07 ‘ 0.0000223 | 0.4456743 | 0.9456512 | 0.9999992 |10

The expectation is 0.4609 which is very close to the maximum likelihood
estimate. The mode of the posterior distribution of B appears between 0.42-
0.44. Thus, the shortest of 902 and 95% intervals are (0.37, 0.47) and (0.36,
0.48) respectively (Fig. 2).

The Empirical Distribution of the Estimates

To study the behavior of the estimates, Monte Carlo simulations were
used to obtain the various values of & B and ». Among which only the results
of =04, £€=0.4 were fitted to the observations at Hsin-Ying Sugar Cane
Improvement Station. Those results are shown in Appendix IV when m=6.
The congruence method of x,.; =23z, (mod 108+ 1) with initial value o
= 47,594,118 was used to- generate uniform pseudo-random numbers. The
method described by Abramowitz and Stegun (1965) was used to generate the
required Poisson series. From each combination of & 8 and #, one hundred
sets qf data are generated, and each set of data, the MLE of ¢ and 8 are
calculated.

From the combination of & B and n (£=04, 0.5, 0.6, 8=04, 0.5, 0.6 and
n=10, 20,..., 100) only hali of the estimated pairs (&, #) lie within the interval
[B+0.1, £+0.1]1, and the situations are much worse for samples of the smaller
size. If the interest is in the rate of increase, 8, the sample size of n=100
is enough to obtain 9025 of the estimate values within the interval of B=40.1,
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Fig. 2. The pdf and cdf of 8

but for estimates of &, the same size of sample gives only 509 of the estimates
to be included within the interval of £0.1.

When # is small, the probability of observing zero counts from =0 to
t=m is high. Hence, no estimates of 8 and & are available,

The optimum size of sample depends on the cost of the additional obser-
vations to be made, and the loss is due to discrepancy between parameters
and the estimates. The late or early growth of the crop will be hindered by
the overestimate or underestimate of B. Because, according to the overestimates
of B, the pest control action will be done too early. If the estimate of 8 is
within the limits of B+0.1, the optimal sample size may be determined from
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the following formula as
kR(n)=C+n+Ply +PYyp,

where C is the cost of observing an additional plot, PL and PU are the
probabilities of obtaining under- and overestimates, and vy and #y are
corresponding regrets. We selected # to minimize %(n) that was described in
(12). The pooled probability of the estimate B within B+0.1, obtained from
the simulation over the range of values 0.4<p=<<0.6 and 04=<£<0.6, are given
as below Table 3.

Table 3.

Sample size 10 20 ‘ 30 40 1 50 60 70 80 } ] 100

|
. !
Probability 0.35 0.40 i 0.62 0.68 ! 0.73 0.78 0.82 0.86 ] 0.88 ! 0.89
|

I

For convenience, putting ry=7.=7=aC, ¢ is the cost ratio, we obtained
the values of k2(»n)/C in Table 4.

Table 4. The values of k(n)/C for ro=rr=r=aC.

\a\”\\ 10| 20 30 | 40 5 | 60 | 70 80 % | 100
20 230 | 320 | 376 | 464 | 554 | 644 | 73.8 | 828 | 924 | 1024
40 360 | 440 | 452 | 528 | 60.8 | 688 | 77.6 | 856 | 948 | 1044
60 490 | 560 | 558 | 502 | 662 | 732 | 814 | 884 | 984 | 1066
80 620 | 680 | 604 | 656 | 716 | 776 | 8.2 | 912 | 99.6 | 1088
100 750 | 800 | 684 | 740 | 77.0 | 820 | 89.0 | 940 | 1020 | 1110
150 107.5 | 1100 | 87.0 | 910 | 905 | 930 | 985 | 1010 | 1080 | 1165
200 140.0 | 140.0 | 1060 | 104.0 | 1040 | 1040 | 1040 | 1080 | 1140 | 122.0

In these examples, we found that the optimum size is #=10 for a<60,
=30 for 80<a<150 and #=40 for a=200.

Forecasting

Investigation at Hsin-Yin Sugar Cane Improvement Station described
earlier is attemped to discuss the probability of forecasting the distribution
of egg clusters. The results are summerized in the Table 5.

From Table 5, it was found that the forecasting based on observations of
only two time points (i.e. at 26th September and 17th October) was enough
to predict the future distributions for this case. This result is mainly based
on the nature of mean function of the process as well as the nature of the
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pest.

Therefore, if the growth of the pest as affected by the environmental
factors was normal in 1967 and 1968, the control action of pest growth after
October would be unnecessary.
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Appendix 1: Table of 1/(1—8)—mpB™/(1—Bm).

y 2 3 4 5 6 7 8 9 10

8
0.10 1.090909 | 1.108108 | 1.110711 | 1.111061 | 1.111105| 1.111110 | 1.111111 { 1111111 | 1.111111
0.15 | 1.130435| 1.166311 | 1.174445 | 1.176091 | 1.176402 | 1.176459 | 1.176469 | 1.176470 | 1.176471
020 | 1.166667 | 1.225806 | 1.243590 | 1.248399 | 1.249616 | 1.249910 | 1.249980 | 1.249995 | 1.249999
0.25 1.200000 | 1.285714 | 1.317647 | 1.328446 | 1.331868 | 1.332906 | 1.333211 | 1.333299 | 1.333324
0.30 | 1.230769 | 1.345324 | 1.395907 | 1.416392 | 1424194 | 1.427040 | 1.428047 | 1.428394 | 1.428512
0.35 | 1.259250| 1.404075 | 1.477522 | 1.512062 | 1.527412 | 1533955 | 1.536660 | 1.537752 | 1.538186
0.40 1.285714 | 1.461538 | 1.561576 | 1.614937 | 1.641990 | 1.655179 | 1.661420 | 1.664307 | 1.665618
0.45 | 1.310345| 1.517398 | 1.647143 | 1.724183 | 1.767942 | 1.791927 | 1.804707 | 1.811367 | 1.814776
050 | 1.333333| 1.571429 | 1.733333 | 1.868710 | 1.004762 | 1.944882 | 1.968627 | 1.982387 | 1.990225
0.55 | 1.354839 | 1.623482 | 1.819330 | 1.957244 | 2.051410 | 2.114004 | 2.154660 | 2.180582 | 2.196828
0.60 | 1.375000 | 1.673469 | 1.904412 | 2.078418 | 2.206364 | 2.298401 | 2.363335 | 2.408377 | 2.439166
0.65 1.393939 | 1.721351 | 1.987964 | 2.200848 | 2.367718 | 2.496297 | 2.593837 | 2.666793 | 2.720678
0.70 1.411765 | 1.767123 | 2.069483 | 2.323212 | 2.533318 | 2.705117 | 2.843937 | 2.954879 | 3.042647
0.75 1.428571 | 1.810811 | 2.148571 | 2.444302 | 2.700921 | 2.921674 | 3.109996 | 3.269379 | 3.403260
0.80 1.444444 | 1.852459 | 2.224932 | 2.563065 | 2.868332 | 3.142434 | 3.387248 | 3.604777 | 3.797098
0.85 1.459459 | 1.892128 | 2.298356 | 2.678625 | 3.033536 | 3.363805 | 3.670246 | 3.953759 | 4.215314
0.90 | 1.4736841.929889 | 2.368712 | 2.790286 | 3.194782 | 3.582407 | 3.953399 | 4.308030 | 4.646601

Appendix II: Table of 1.0/(1—-5"),

“ 2 3 4 5 6 7 8 9 10

B
0.10 | 1.010101/1.001001 | 1.000100 | 1.000010 | 1.000001 | 1.000000 | 1.000000 | 1.000000 | 1.000000
0.15 1.023018 | 1.003386 | 1.000507 | 0.000076 | 1.000011 | 1.000002 | 1.000000 | 1.000000 | 1.000000
0.20 | 1.041667 | 1.008065 | 1.001603 | 1.000320 | 1.000064 | 1.000013 | 1.000003 | 1.000001 | 1.000000
025 | 1.066667 | 1.015873 | 1.003922 | 1.000978 | 1.000244 | 1.000061 | 1.000015 | 1.000004 | 1.000001
0.30 | 1.098901 | 1.027749 | 1.008166 | 1.002436 | 1.000730 | 1.000219 | 0.000066 | 1.000020 | 1.000006
0.35 | 1.139601 | 1.044796 | 1.015235 | 1.005280 | 1.001842 | 1.000644 | 1.000225 | 1.000079 | 1.000028
0.40 [ 1.190476 | 1.068376 | 1.026273 | 1.010346 | 1.004113 | 1.001641 | 1.000656 | 1.000262 | 1.000105
0.45 | 1.253918 | 1.100261 | 1.042760 | 1.018800 | 1.008373 | 1.003751 | 1.001684 | 1.000757 | 1.000341
0.50 | 1.333333] 1.142857 | 1.066667 | 1.032258 | 1.015873 | 1.007874 | 1.003922 | 1.001957 | 1.000978
0.55 1.433692 | 1.199580 | 1.100723 | 1.052996 | 1.028469 | 1.015460 | 1.008444 | 1.004627 | 1.002539
0.60 1.562500 | 1.275510 | 1.148897 | 1.084316 | 1.048939 | 1.028800 | 1.017083 | 1.010180 ! 1.006083
0.65 1.731602 | 1.378597 | 1.217295 | 1.131259 | 1,081571 { 1.051549 | 1.032913 | 1.021150 | 1.013646
0.70 1.960784 | 1.522070 | 1.315963 | 1.202024 | 1.133336 | 1.089745 | 1.061175 | 1.042050 | 1.029069
0.75 | 2.285714 | 1.729730 | 1.462857 | 1.311140 | 1.216513 | 1.154047 | 1.111251 | 1.081181 | 1.059674
0.80 2777778 | 2.049180 | 1.693767 | 1.487387 | 1.355278 | 1.265367 | 1.201594 | 1.155025 | 1.120290
0.85 |3.603604 | 2.591513 | 2.092078 | 1.797608 | 1.605522 | 1.471837 | 1.374553 | 1.301434 | 1.245135
0.90 | 5.263158 | 3.690037 | 2.007822 | 2.441943 | 2.134203 | 1.916799 | 1.755825 | 1.632441 | 1.535340
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Appendix II: Table of (1.0—B)/B(1—p™).
m
F\ 2 3 4 5 6 7 8 9 10
0.10 9.090909 | 9.009009 | 9.000900 | 9.000090 | 9.700009 | 9.000001 | 2.000000 | 9.000000 | 9.000000
0.15 | 5.797101 | 5.685856 | 5.669537 | 5.667097 | 5.666731 | 5.666676 | 5.666668 | 5.666667 | 5.666667
0.20 | 4.166667 | 4.032258 | 4.006410 | 4.001280 | 4.000256 | 4.000051 | 4.000010 | 4.000002 | 4.000000
0.25 | 3.200000 | 3.047619 | 3.011765 | 3.002933 | 3.000733 | 3.000183 | 3.000046 | 3.000011 | 3.000003
0.30 | 2.564103 | 2.398082 | 2.352388 | 2.339017 | 2.335036 | 2.333844 | 2.333486 | 2.333379 | 2.333347
0.35 | 2.116402 | 1.940335 | 1.885436 | 1.866948 | 1.860563 | 1.858338 | 1.857561 | 1.857289 | 1.857194
0.40 1.785714 | 1.602564 | 1.539409 | 1.515519 | 1.506169 | 1.502462 | 1.500984 | 1.500393 | 1.500157
045 | 1.532567 | 1.344764 | 1.274484 | 1.245200 | 1.232456 | 1.226806 | 1.224281 | 1.223148 | 1.222639
0.50 | 1.333333 1.142857 | 1.066667 | 1.032258 | 1.015873 | 1.007874 | 1.003922 | 1.001957 | 1.000978
055 | 1173021 0.981475 | 0.900592 | 0.861542 | 0.841474 | 0.830831 | 0.825091 | 0.821967 | 0.820259
0.60 | 1.041667 | 0.850340 | 0.765931 | 0.722878 | 0.699293 | 0.685867 | 0.678055 | 0673454 | 0.670722
065 [0.932401 | 0.742322 | 0.655466 | 0.609139 | 0.582384 | 0.566219 | 0.556184 | 0.549850 | 0.545810
0.70 | 0.840336 | 0.652316 | 0.563984 | 0.515153 | 0.485715 | 0.467034 | 0.454789 | 0.446593 | 0.441029
0.75  10.761905 | 0.576577 | 0.487619 | 0.437047 | 0.405504 | 0.384682 | 0.370417 | 0.360393 | 0.353225
0.80 | 0.694444 | 0.512295 | 0.423442 | 0.371847 | 0.338819 | 0.316342 | 0.300399 | 0.288756 | 0.280073
0.85 0.635930 | 0.457326 | 0.369190 | 0.317225 | 0.283327 | 0.259736 | 0.242568 | 0.229665 | 0.219730
0.90 0.584795 | 0.410004 | 0.323091 | 0.271327 | 0.237134 | 0.212978 | 0.195002 | 0.181382 0.170593
] Appendix IV. Results of the Monte Carlo simulation.
(B=.1~1.0, £=.3~.6, #=10~100 and m=6)
10 20 30 40 50 60 70 80 90 100
4.5/3.45/345/345 345345 3458345345345
I S I A N O B U O B R O R N O I S I A R R O S S SR
b5 .6/4.5.6/.4.5.6/.4.5.60.4.5.6.4.5.6.4.5.6.4.56.45.6.4.5.6
1 32221 2 2 3 11 2 6
432239686694 7148677 8896¢6 81031214 9
1 6 6 111 5 72 3149 8 6 212 4 1/20 6 220 7 323 9 3
1 41 2 21 11 2 1
9~1.0






