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Abstract

Killick (1971) considered some aspects of biometrical genetics of autotetra-
ploids from a cross between two pure lines, By extending Tan and Chang
(1972), in this paper we derive some general distribution results for autotetia-
ploid populations from a cross between two pure lines. Using these distribution
results, general formulas of genetic variances and covariances are then derived
without assuming that double reduction does not exist. The present paper
therefore extends some results given in Killick (1971), and in Mather and Jinks
(1971) for disomic to tetrasomic populations,

Introduction

In a recent paper, Killick (1971) considered some aspects of biometrical
genetics of autotetraploids from a cross between two pure lines. By extending
Tan and Chang (1972), we derive in this paper some distribution theories of
autotetraploid populations from a cross between two pure lines. These results
are then used to derive general formulas for the genetic variances and
covariances without assuming that double reduction does not exist. As in
Killick (1971), we shall also restric ourselves to situations in which there are
no genetic-environmental interactions, no selection, no linkage and no epistatic
effects among loci, etc.. Moreover, it is assumed further that the errors are
independently and identically distributed and that the effects of genes are
equal over different loci, It is of interest to note that, with little modifica-
tion, the formulas for the means, the variances and the covariances hold also
without the assumption of equality of genotypic values from different loci.

In Section 2, some distribution theories a.re derived for segregating autote-
traploid populations from a cross between two pure lines. These results are
then used in Sections 3 and 4 to derive general formulas for genetic variances
and covariances. These then extend results given in Hayman (1960), and
Mather and Jinks (1971) to autotetraploid populations. For notations and
terminologies, we shall basically follow (1971), Mather and Jinks (1971) and
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Tan and Chang (1972), unless otherwise stated.

Some distribution theories of autotetraploid populations

We assume that there are # loci segregating independently and that there
are only two alleles in each locus, say Aj and a; for the jth locus. Then, as
shown in the appendix, the frequencies at generation & (£=2) of the genotypes
(ajajaja,- (or ai’)), Ajajaa; (or A(j)agj)), AjAjaza; (or Ag”ag”), AjAjiAja;
(or APa), AjA;A;A; (or (AY)) are given by g% = (9D, 05 950 9506
g%,,)" as given in (a.5). Following Killick (1971), we let (—d, ks, ks, hs, d)
denote the genotypic values of (@, ADaP, APaP, APaP, AP). Then it is

“easily observed that the probability distribution of the genotypic value Gju
of the jth locus for F; is
Pr{Gum=—dy=¢®,,, Pr{Gijm=hs-1} =gy 552,34,

and Pr{Gjm =d} =9%,,; or, equivalently,

s=1

’ 4 4
Grnr =2 (—d)+ B 20 heact (1= 2 280)d
4
= =24 L+ 3 (he1—d) 2y, +d, (2.1

where (Z®yy, Zhys Zhys ZH,,) =2y is distributed as a four dimensional point
multinomial Z), ~Mult (1; ¢&))), using a notation of Tan and Chang (1972).

Let Y; be the phenotypic value of F,, 2=2. We have then for the repre-
sentation of Y,:

' Yk=Hk+j§1Gj(k)+ek
) (3 ) 4 n
=ﬂk—2djzlz§{)k)+ Ez(hs—-l"‘d) ( le(sj()k)) +%d+ek
- = =
; . .
=ﬂk"ZdZl(k)+s§2(hs—l—d)zs(k)+%d+ek9 (2.2)

where pu is the grand mean of F; and e, the random disturbance (or enviro-
nmental disturbance) associated with observing Y;. Since Gj) is independently
and indentically distributed by assumption (no linkage and e(iuality of effects),
it is then easily verified that Z.=(Zuw>s Zawds Zakds Zows) ~Mult (n; ¢, a
four dimensional multinomial distribution. Hence, if e¢; is independently
distributed as normal with mean.0 and variance ¢}, then, in the absence of
genetic-enviro-nmental interactions, the probability density of Y, can be
written explicitly as i

n Nn—ay n—C—dy n—a1—Ay—a3 7 ) 5 ( @ ) 1
fi(y) = I1 (g8,) % =X
fk(y) a12=0 azzio aaz———o a4§;-0 ( @1s82,83,84 F=1 g](“ 1/275 g

exp{——ziz—[y-—ﬂk~,nd+2da1—s§ (hoci—dyas |}, (23

=2
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where as=n—a1—az—as—a, and (  zn  )=n!/(II5_(a;!)).
@1082+33,804

Let J9 be as given in the appendix, 7=2, 3, 4, Then, it is seen that Y,
may also be represented by

4 4 4
Yla=ﬂk+nd—20{X§2)+ S X+ 2 3 X5,
Fi=2 J1=2 j2=2

4 4 4
. k
4 4 4 4 @ R
R R L (2.4)

where
Xl =(XP, X, X0, X©) ~Mult(n, £©),

P (Y @ @ @ - 9
Rin = (X X X X)) [ X ~Mult(X), £90),

’ — (r) () (r)
},S(r)hiz---lr——z—(Xl(iu’z‘nir—z)’ Xz(hiz---i,—z)’ X3(fu'2-~f,~—z)’
(r) ~ iy
Xrdaeedp-) I}S('—Dilh---h—a MUIt(Xj,_zm;z...j,_a), Jdr-2),

r=4,-,k, jl;j?."'jk—z':z’ 3,4.

It can readily be shown that (2.2) and (2.4) yield the same characteristic
function {c. f. in short) +r;(¢) as

o : 4 .
"!’k(t)=hk(t)e”(”k+”d)[gﬁ)k)e_“”-l‘jgzg?()“e'f(hj—l*d)-]-gé?)k) ", (25)

where i=y/—1 and A (¢) is the c.f. of e;. It follows that the representations

(2.2) and (2.4) are equivalent in the sense that they provide the same pro-

bability distribution. One may notice that X j, corresponds to the progenies

in F; from the Aj _ias-j, F, individual and X»;,s, the progenies in F, from

the Aj,_145-;, Fs ancester and the Aj .ia:_j, F; ancestor, ete.. In situations

in which information about their ancestors is available, representation (2.4)

may then enable us to implement this information into the analysis, as we .
shall see in the next two sections.

Some second degree statistics and their expectations

Using results given in the previous section, we derive in this section some
second degree statistics for the tetrasomics without assuming that double
reduction does not exist. This would provide analogous results in tetrasomics
of the results given in Hayman (1960), Mather and Jinks (1971) and in Tan
(1975) for disomics. We notice that, while our results are derived under the
assumption of equality of genotypic values from different loci, the results for
the means, the variances and the covariances hold also without making this
assumption; in the latter case, one need only replace a, d, ki, ks, hs by aj, 45,
hij, hsj, hs; and replace n by 2}, where «j, dj, hsj, s=1, 2, 3 denote the
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quantities for the jth locus. For example, with the mean of F; as given by
E(Yr) = st (n/(3(4—a?))) X 4(1—a)(142a) (hi-+hs) (A1 —2572) +uhs/ (4—a®) [(2—
2a+3a?) 2i~14-2(1—a) (14-2a) 25-1] under the assumption of equality of genotypic
values, the result without this assumption is then

sV =mtg E (4_1a 7 (L—as) (14205) b+ hog) (57— 257)

+2 Za ghasl(2= 23430 B2 (L —axy) (1425 57,

where Ay=(5—2a)/6, A= (1—a)?/6, d35= (5—2a;)/6 and A;;=(1—a;)?/6.

Let Yas,spmes,_, be the observed value of the sp_;th F, individual from
the sp-g th Fy_, ancestor, the sz—zth F,_, ancestor,..., the s;th F; ancestor
and the s;th F,; ancestor, and put

= 1 mME—1
- Yhsysgees = ESySgeess )
182 p g Mp—1s,o1=1 19225 p 1

- 1 Myt1
Ykslsz'“s,« h’;-{-:.v =y Ykslsg.-.sr+1... N 1':-"‘1, 2, oe k_‘3,
Y/ 2% .
Yi= —”%— 2 .. For k=2, define further Var(¥;s,...) =V1Fm

8 {Var(Ykslszn.s’.uls”srnsr_l)}=erk, 7'=2, 3, "‘ki"‘l,

where Var(¥es;spems ool 51 sames,_,) I8 the conditional variance of Yis,sus, .
given 8, SzcSy~1.

Then Vir, Viorg, Vie, Ver, and Vir, are the variances as defined in Hayman
(1960) and Mather and Jinks (1971) in the case of disomics; for general k=2,
Vie,, j=1,2-k—1, have been given by Tan (1975) for disomics. By making
use of the representation (2.4), in this section we shall proceed to find the
explicit expression for V,, for tetrasomics without assuming that double
reduction does not exist.

Now, using (2.4), we have for the representations of Yis,sus, , and
YVasysgems poey 7=1, 200k =21

: ¢
Yk-'l-?z"-sk—1=ﬂk+”d"‘2d[xg?s1+ 2 Xl(h) sz¢sp T 2‘32 jz_;

4 4

4)
Xl(hiz):sa(s1sg)+ + 2

2 X® ]
ety 2 j 1(F1f2 Fp—2)38 p~1(5182%°S pmm2)

4

+E(hi 1—=d) 2 P 2 Xf(juz CFp2)3S 105182008 f—3)

=2 ja=2 Jp—

+ek_”sz...sk_1 f"‘l’za Mg, ]"192,"'k_1; (8.1)

4

?kmsz‘"sy'":ﬂk+nd_2d[X§?)sl+ Z X1(.11) u(u)+ 2 5—"

Fji1=2 J&‘;‘Z

a 4 4
+1
X . ,(3132)+°"+ Z 2 Z XY(“)” cip-1)35 p(s2852° s,—l)]

1(F1i2)iss fite f7=2 7,5
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4 4 4 4 4 4
—=2d| 3 X e X XED s RIS S T TS
IS e 55 1(F15220 Fp)s(s182%08,) JiTe jaTa 7,51=a
a5 4 4 4 = )
rt oee ves
Xl(:fliz"'fr+1):(su‘2"‘8r)+ +J-lz.“;2 j§2 ik:.zz‘ 2X1(1'152"'J'k—2);(s1sz~--s,---)]

4 4 4 4
3 (hjoa—d) 3 S e 5 KP
j=2 f1=2 j2=2

Ppsa=2 FCT1iererJp—2);(8182°005 por0)
+ék3132-u,ru- 2 (3.2)
where

1 Myt1 MWrie LA LT

1}2---11.—2) O My 1My p2 Myt s 311 5, 52=1 sz-21'=1

{X}l

@ ,
chisz---n_zm,_l(,m...s,), k=l=r4-2,
’ 2 2 2 2 - _
2(2is1 (Xg{”, él—p Xé;)w i)“) Mult(n; F®), s;=1,2my,
independently,
‘ =[X®, (8) @ 5
~®Jrisatsn) [XK"‘)‘”(“)’ XZUI):SZ(N)’ X3()fl);sz(31)’ Xf&()j‘l).sz(sx)]
[Xyis, “Mult(XP,,,, fG90),
independently for s,=1,2+-m, for given s;, and conditional on
}S(""l)fﬁzmi'—s;s,_z(slszmsr_a),
¢ =[X®
R iz iy 238 —1S 12 S p2) 1071720 4 —2)38 p—1(S182%48 5, 2)?

) )
Xz(hiz"'jf—z)'sr—l(8182"'3,-2)’ X3(ilfz‘"jr—z);sr_l(3132---3’,_2)1

)
X4(i112'"1r-—2) sr—x(S132"'8,—2)]l (T 1) F172%F p—3;S p—2(8182%° 8y 3)
~ X (-1 . _
Mlﬂt( Fr—2(itiardp—3)i5p—a(s182°: 8, -3)? f(j' 2))’

independently for s,_1=1,2---m,_; for given s, 8555 -3, =3, 4, ---k; furthermore,
the 5,555 'S are independently and identically distributed with mean 0 and
variance o%, and also independently distributed of the random variables for
genetic segregation.

(3.1) leads immediately to the c. f. of

Yisyepspoy @S Wi () =eiurtndpy, (1) {g @ e=24it 4 E O yeith 1Dt g®) "

as given in (2.5). From this it follows that the expectation and variance of
Yisysgespo,y (and hence of F;) are given respectively by

a(Yks,sz...sk_l)=%{c%log«1rk<t)}t=o=uk+nd+n{(—2d>g§’?k>
4 . 1 yd?
+J§29§3(’k)(hj_1—d)} and Var (Yis,spmesp 1) = 5 { gz 108 %(t)}m
4
=ay+n{ (200 + 3,010 (hy =] (—24)0f3,

+ 2 (h3-1=d) 0 | } - (3.3)
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On substituting (a.5) into (3.3) and simplifying,

E (Y eyopmah 1) =1+ nlhsthe) qala) (= 157)
- +2nhslge(a) AT+ gs (@) 571, (3.4)
and ' ' k

VFk -"—‘V&T(Yk s;sz---sk_‘l) =ai+nd2 {1"‘%611(11)1’5_1'1—% Q3(a))'§-1}
+4 ngale) (=15 (h‘;’-f-hﬁ)+2nh§(Qz(w)l’§”’+qs(a)l.’é“)

— [ 2hs(gs (@) 5= g () RE~1) -+ 3 (B1ths)ga(a) (A5 —2571) ]2, (3.5)
)=

where 2:=(5—2a)/6, Ay=(l—a)¥/6, qila 1/2(4—a2j)(14+2a~7a2),. q:(ex)
=(1/2(4—a?) ) (2—2a+3a?) and gs(a)=(1/{4—a?))(l—a)(14+2a), a being the
fraction of double reduction. When k=2, V., has been given in Killick
(1971) 0%,

For deriving the means and the variances of Yi¢,spms,.., We shall need
the c. f. of Visisgemsyme. Put

Ykslsg---sk~—1=Yks1sk—-1a m(ok;(t) =githj—1=d)
and

0 (¢ { fiidg=2ditlmp—y 4. 2 f(”m?;)—ms (m“) + fm} e (36)

#=1,2-+, §=2,8 4 and interpret m, 1My -1 as 1 if r=k=1. Then, using (3.2),
the c. f. @,(¢) of Yisy550s,... can be derived readily as

m,(t) e!f(ﬂk'l'nd){hk( t )}'"f+1mr+2"'mk-1«

WMy 41y g2 My —1 .
”

xg(%)r-i» )e—Zd’i—l_ Zg](y—{-l)w(k) - 1)_«,( )+g{53()y+1)} ) 7':1, 2"‘k'—‘1. (3-7)

By taking derivatives we obtain then &(¥is,spispe) and Var(¥es spmns, o) a8
= 1/d
’ 8(Yk s1sz-..s,---) = “’i' (d—t log ¢r(t))t=0=l»¢k +nd+n{"2dgﬁ)r+1) -
4
+§20?3,+1)A(k-—r—-1>i}

and

- ’ g'
Var (Yesiegee o) =5 (dlf2 log ¢, t)) mr+1mr:2 My -1

+n {[ (2d) 29'1(?;+1) -+ jézg{‘ja()r +1)L§lfb)—i—1) f]”[( —2d) g(ls()' +1)

4 2 )
+ 20X Bamri ]} o £ (3.8)

(*) There is a misprint in Killick (1971)’5 formula; - instead of —]6, the coefficient of
(h1h2+h2h3)w is 16.
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where A, ;=(1/3)((d/dt) (D"” (#))t=¢ (A,; is independent of %2 as proved in the
appendix) and L{¥=(1/?) ) ((d2/d2)0F)(E) ) 120 7=2,3,4, r=0,1,2,+-. Given in
Appendix (2), A,; and L¥) have been solved explicitly as functions of a,d, h,
hy and h,. Furthermore, it is shown in the append1x that

4 N .
(—2d)g§%),+1)+jgzg}%ﬂ)él(k-y-m =(—2d)g®,,+ 5_‘. g,(k)(hf_l-d‘)
=Ag 1 for all #=0,1,2--k—1 so that '

E(Veu) =E(Tnsisgmesyn) =EYhsysgmsy ) for all #=1,2--k—2.

For =1, we have then

0,2 ’ . 4 ’ .
Viry =t 1+n{[(2d>zg§§>2)+j{;zgg_aga)Lg?_z)j]_Az(k_m} (3.9)

For deriving the expression for V,:,, 2—1=r=2, we notice thét, by using
(3.1) and (3.2), we have for the c. f. Yis,spmmrs, ZIVEN S1, 8z ¢+ 841t

) ¢ Myt 12—
B (£ 818505 _1)=ezt(ﬂk+nd){hk( )}
. ’ My 1My 127 M —1

4

XGXP{(—-ZCZ)Y:I,‘[X?;)“'I— 2 X1(1'1) sacspyHore 2 -

j1=2 j2=2 §,

2

4 4 4

XX ) ]} oI I {(i,—ue-zdn
1(11:2 Fy—2):8p-1(818285,-2) ji=2 fa=2  jp-1=2 fl

— 3 ; -
+s§2f(sj’ 1)@((,3_,_1)3(t)+_f§jf l)}X(Jrl——ﬂhjz Fp—2)iS p1( 810008y 2) (3-10)

where Yiesyspmsp-1=Yosyspmsgoy a0d 7, qamypiomy—y is interpreted as 1 if
r=k—1,

Using (3.10), the conditional mean and the conditional variance of ¥ speees,
given sy, ss, ** S,—1 are then obtained respectively as:

- 1
8(Ykslsz--~s,---!sl’s?_:'“sf_]_):7{ e IOg ¢(*) t[slssb 'Sr_l)}t=0

4

4
=Mk+nd—2d[X§?Lx+ Z Xl(:u) 32(81)+ - 122 jg

Jr-z=2
4

- 4
X(l(iuz 17—2);3r—l(3132";$r—2) + 2 2__: *

2 Jye1=2

X¢)

Fye—10172e

4
*Tp—2)3S p-1(S 132"'sr~2)[( *‘2d)f§j"")+s§='_‘,2f(s’r*I)A(k_,_1)3] ,  (3.11)
and

- 1 442
Var(Vrsysgees pore 51,825 0055 1) =—z§~{d72 log ¢¥ (£1s1, 32"'Sr——1)}t=0

Gk 4 4 4

— S ves () N
mr-ilmr+2 mk——1+jl2=2j§—l.2 jr;;___zXfr-—l(flJ'T"J1—~2);3r-1(8152"'s,-—2)

4 .
><[(Zd)2f§i’”1)+s§2fg’_“L?? r1ys A(k—-r)j,-x]’ (3.12)
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Taking expectations and noting that E(XP Y=nfP for allj=1,2,3,4,5 and

(r) —_ (17—2) (r—1)
6(Xj,—1(f1i2° cfpr—2)isp 10815200 s,-—z)> f Xj,~z(_h}z ;,~3)s,_2(51s2 o5y —3)

for all =3, 4, 5k, 7,-1=1, 2, 3, 4, 5, j1, Jor"fr-2=2, 3, 4, we obtain then:
) 4
ELE(Y ko sgemrsren 181, Sa,008p 21) } = b nd—2dn {ﬁ3>+j22ﬂ}2ﬁf1’
=

4
=,

Jja=

4
ot B

J

4
o(8 3 4 —23
3 JRIE I 1)

2],
4

4 4 4 :
T 3 S e BRI (—2d) S B A - ]

=15 +nd-—-2dng{§),)-2dns2= g%, )f(")+n Z gs(,-.,_l)A(k-r——l):

="¢k +nd+n[( Zd)gl(r+1)+ 82=2g(53()'+1)A(k""1)’:] (3.13)

=5(?ksl---s,---) =S(Y—'k...) =8(Yks132...sk_1) =A(k_1)3, and

2
- ok
Ver,=&¢{Var cers poes |1y S22 Sp 1)} =
Fp { (Ykslsz sy [S1) 827" Sp 1)} My 1My ane g1

. 4 4
+nj§29f,3(’,) (2d) zfij)'}'s;szvj)];?? r—1s" (k—r)j]

= ok 2d)2g® S g® 1.0
T T TN +”{[( V95 41+ B0 41y (k—-r—l)s]
~[ 2ar2g®,+ Egsm Lmrys s 7=2,3, k=1, - (3.14)

where m, . 1My 450 My 1 is taken to be 1 if yr=f—1.
To conclude this section, we define

Sin= L S (ThpemTaons)?
1(»)—-%;31%1 (Yksl...f-Yk.--) y.

and
S 1 My Ms Wy - -
pased assy — 2
r(k) MM My —1(m,—1) 2, 322~“—1 sél(Ykslsz...sy... Yk’l-‘z"'sr—l'")

r=2,3-k~1; then, we shall proceed to show that &(S+)) =V, Obviously

&(S1) =Vir,. To show that £(S,w)) =V,s,, notice that
8(?’@31-‘2"'37"')=S’(Y”¢3132“'3r—1‘")

so that

1 mi Mg My —1

2 {Z (kalsg ° Sy

Mg My oy (My—1) s12=1 322=1 §,1=1

Sra=

*8(?kslsz-.-s,..-) )2-—1’1’!, (Ykslszn.sr_l..."‘s (Yk 3132"'31‘-1"’) )2} .
It follows that
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my
(mr"'

e L

My 1My g2 My 1

E(Srm) = 1) {Var(Y: S18g00e8 povs) _Var(?kslsz---s,_l-u)}

4 4
+ 1.5;120‘,-35 N By —1):']“”[(2‘1) 2010+ J.%zg%"’?r L=y J]}

On substituting
Lo (11 )N 1 opernrl s popm
(k—r)f"( T m, (k—r)f’*",‘n':( ) +7n" =2f<s (k—7~1)s

rs

and simplifying, we have then

: ol | 3 S 3 3
E(S,m) = +n {[(2d)20§<)r+1)+j§29§2r+1>L(<k)—r—1>j]

Mo 1My 4o Mg 1

4
—[@are@+ 200 A- s } = Vress 7228, 1.

The covariances between F,, and ¥, for k>k=>2

Using the distribution results given in Section 2, one may also derive the
covariances between the Fy, and Fy, (k;>k:=2) phenotypic values. By making
use of (3.1) (with % replacing %) and (3.2) (with % replacing k;), we have in
fact for the joint c. f. of Yg,s;5pmep,~1 30d Vays5mmsp, =10t

r(ts, ts) = explits(ps, +nd) +its (pr,tnd) yhg, (1) -

{hkg (7 2 )}mkxmh’rl“'mkrl{g(s) g—2ditittin)
WMy My 11 Myt (kD

4 #
+ 30800003 () OEE 1105 (1) +0h) (4.1)

By taking derivative and simplifying, we obtain then the covariance Wr, v,
between Yi, s spemsty—1 804 Yios,s5m0s8,—100. @S
1 02
?{‘é;;é;; Iog 'l[f'(tl, ta)}t (4-2)

Wep rp,=
F1fke 1=i2=0

4
=n{[(Zd‘)zgia,)‘"iézg?()kl)AoiA(kz—kl)]]"'A(k;—i)sA(kz—I)s}-
For k=3, define now

Wle1k2=C0V(kas1"' s Yipsqens)s
W"Fk1k2=8{COV(Y’¢131'"3""' 3 Ykzsl...sr... Sl,Sz"'Sr_1) }, 7’=2, 3, "'kl—l,

and put

1 my " - =
SPisy = _77’[1:—1‘:1%1 (Yeyspoe=Yr0) (Yiegsge—Yr,e)s

and
L SIS e ¢ )
SPr(kp k)= mlmé"'mr—l(mr‘l) SEI s§=1 3,—=1( h1SymreS roee B1S1Spreesy —Tlees

X (Ykzsr"s 1...““Yk231---sr—1---): 7':2: 3,."'k1—1-
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In this section we shall proceed to find the explicit expression for Worrgs,
and show that

8(E‘)Pr(kl, kg)):WrFklkz for 7':1,2, "'kl—'l.
Put

Goj(ti, ta) = Doy (1) O _ ;L) (4.3)

4 .

By i (b, ) = {fPe2dihittnlmp,y +ang%%cr—1>f(l‘1/(mk1-r), tof (Mpy—y))
fPYmrsr, y=1,2, 0, §=2,8,4, 04;(¢)=ei**j—~® and ®F)(t) being given in
(3.6). Then, as in Section 3, we have for the joint c. f. Y*)(¢y, ;) of
Yerysisgees g a0d Viysysp0s,.. and the conditional joint c. f. Y (4, ta]s1, 5525, 1)

Of Yiysysgmmsyee B0Q Vipsispeesypee SIVED S1,85, o+ §p_4:
VG (b, t) = explity(pp,+nd) ity (pr,+nd) ]

« {h ( tl )}m,+1m,+2"-mk1~—1
j2
P\ My 1My g Mgy -

« {h ( ts )}m,+1m,+2'"mk2—1
k
EN My 1My ant Mpymi

4 ”n
X {00 4@ ML 390 X biayr s (B 1) 0Dy ) s (4.4)

and
YK (21, 8|51, 520005 p 1) = XPLits (up, +0d) +ita(pr,+0d)]

N

My 1My o Mp 1

h ts Mprimy gz emgy -1
x e )}
2 My 1Myo Wpy—1

4 4 4 4
X IIT O I {fi],—oe—zdi(twtz)_]_ Zz.f(sj’“l)¢(k1—r—1)s(il,l‘z)+f5(j"1)}
s=

F1=2 jz2=2 f,1=2

(
XXJ'rz—l(jljz"-j,.—z);s,-—1(81sz-'-sr—2)’ ) <4'5)
On taking derivatives and simplifying, we obtain the covariance Cov(Viysqmmsromn
Yegsios,e) 0f Yiisisps,on and Yigsyspwes,e. and the conditional covariance
COV(Ykﬁxsz-"Sr'"’ Ykzslsz---s,---lslssm"'sr—l) of Yklslsz---s,--- and Ykzslsz'"sy"-

given S$i,8s, " Sy—1 as:
COV(Yklslsz-..s,... B Ykzslsz...s,...) =n{[(2a’)zg§§),,+1)
4
+sgzggs()r+1)A((s;z)1—r—l)s]“A(kl—l)BA(kz—-l)S; (4.6),

and

COV(Y/MHST“SW" s Ykzslsz..-s’... lSl, Syttt Sr—l)
4 4

4
= (7. . 2407y~
- 2 Z XJ'i—:(i1]’2"'1',—2);5',—-1(8182---3,—2) {[(Zd) f].]"‘ v

jim2 ja=2  j,o1=2

4
+ sz(sjr_l)Ag;fl)"’*])s]"—A(kl-«r)Ifn-lA(kg—ﬂ')jr.‘.p (47)
&
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where A% = (1/42){(8%/01:01:) by j{t1ds) b eimtymos 7=0, 1,2+, 7=2,3,4 have been
given explicitly in Append1x (3).
From (4.6) and (4.7), we have then:

- 4 (
‘WIFhkg:COV(Yh’l"' ’ Ykzsv'!) =n{[(2d)2g{?‘a)+ §=: ggs()z)A((ﬂl:i 2)-?] )

""A(kl—l)sA(lea-l)s} {f‘a) (2d)2+- Ef(s)A(kr—z)s—A(In—l)SA(kg_l)s} 4.8)
and - ' , '
WrFk]kz":e{COV(Yklslsz..-s s ,'Ykzslsz...s,..r.lSi, So***Sy_1)}

{[(Zd)zgl(r+1)+ > gs(r+1)A(k)1—"'-1)S:I

~[ D)%+ 200 A0 iAo (4.9)
1"'=2, 3ie-ky—1, with Ykx3132"‘3k1-i=Yklslsz"'3k1~1'
As in Section 3, it can similarly be shown that
8{SP"(k1’k2)}=Wka1k2, 7“'—-‘1, 2"'k1""1.

These results provide extensions of results given in Mather and* Jinks to
autotetraploid populations.

Discussion

In the analysis of biometrical genetics, usually the method of moments is
used for estimating genetic parameters. Thus, the traditional approach' as
given in Mather and Jinks (1971) is to solve for the genetic parameters by
solving the moment equations by using the ordinary least square or weighted
least square methods. By introducing the probablhty distributions for quan-
titative traits, it is possible to introduce the maximum likelihood method (MLE
in short) for estimating genetic parameters in quantitative characters, - For
diploid populations, some results are given in Tan and Chang (1972). By
introducing the probability distributions for quantitative traits in autotetraploid
populations, one may also extend the MLE method for estimating genetic
param‘éters in biometrical genetics of tetrasomic populations, extending results
in Tan and Chang (1972). The detailed analysis and procedure will be illus-
trated in .another paper in which some simulated tetrasomic populations are
generated for the analysis and for the comparisons between the moment method
and the MLE method for estimating genetic parameters. Inthe presenf paper, '
we illustrate how the distribution theories can be used to derive the means,
the variances and the covariances (in general, any order of moments:or
cumulants) as defined in Mather and Jinks "(197/1) in tetrasomic popglations.
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Appendix

(1) Derivation of the genoptyic frequencies of Fy for 222, For deriving the
genotypic frequencies of F;, 222, we put Zﬂ)’:(l, 0,0,0,0), ]~”<5>’=(0, 0,0,0,1),
O =gl = (12, 18, )= (15 (2+a)®, - (1—a) (24a), - (2-2a-+3a?),

%ﬂ(l“ﬂ), Tlé_az);

O =g® = (fO, 18, 7)) =(3l (1+2a)?, ~§»~~(1—a>(1+2a), —%—(3—4:2-!—4042),

—é(l—a><1+za), 26 (1+2)7),

[Or=g% = (£®, 18, f§4))=(»116~a2 a(l—a), (2 2ac+3a?),
—1—(1-—0&)(24—&), 116 (24)?) (a.1)

and let g}, =fF* where a is the fraction of double reduction and F a
5%x5 matrix whose jth row is [”)’, 7=1,2,3,4,5. Then, as shown in Bennett
(1968),
g = (00 9%y 950y 90 9500) = (0%, T&))', 95tyy) is the frequency of
(a4, Aas, Asas, Aza, A,) in Fy, k=2, For deriving g%y explicitly, we put
=(fP, /P, £), wy=, fO, fi¥), and Q'=T%, v, ). Then QF=(13),
rggg, 7{3)'QF~* and

1 o "0 Since 1 o 0
k-1 k-1
F= Wy Q Ws Fi= ZOQ]HH QF jZOQj%h
F =
0 0f 1/ . 0 o’ ¢

and

L I E—2R = ()’
gLy =[PP F =gD'F, so we have
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(
9%+ =90+ 2 g‘s’2k>f"’: (jjl)(k+1) (s’<)k>fh’
0 oS 2 D, (a.2)

71=2,8,4 and g}, 15, =0,
Now, it is easily observed that Q has the spectral decomposition Q=3 A:E;,
where 2;=(1/2)(1—a), A;=(1/6) (5—2a) and ;= (1/6) (1—a)? are the eigenvalues

of Q, and
E1= _1 O

[ (l—a)(1+2a), %(2—2a+3a2), (1—a) (1+2a)
E,= 4ja2 %(1-—a)(1+2a), (2—2a+3a?), %—-(l—a)(l-{—Za) and

(1—a)(1+2a)

(1—ar) (1+2a), —Z——(Z—Za+3a2),

\
(1 (2-2at3a’), —3(2-2at3a), & (2-2at3ad)
Bo= gt | =5 (-a)(1+22),  2(1-a)(l+2a), —3-(l=a)(1+2a)| (a.3)
| 3 2-2atiat), —5-(2-2at3a?), (2-2at3a?)
It follows that, for k=1,

3
satisfying X Es=1I; E2=E; and E;Esr=0 for s#s'

2, 3o,
ke

_ IRE—1= [ £U '

(91(k+1)’ T(k+1)’ g5(k+1)) —g(‘;a)-*'.l) _'-,7:(” Femi= (f1J)+s§0I,((’2)) st’gl’ I,U) Q+?

k=2
Rt E Q)

so that
o =F+ 3 (T2 ) 1B,
Wi~/ 2 (1-1“7 T8 B,
and
TR = (004150 9506120 gﬂrgﬂ)):jzi: T E.
} into (a.4) and simplifying, we obtain

On substituting (a.l) and (
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=[5~ B @B a@B), L@ i e
S o) (1 25), =L @) Bk gy ) 7,
R g @ — g @2 ],
(3)’—[ 1 1 Akn-l Zk—l ,_44, lk‘—l Ak-—-l 2 lk—l Zk—-l
g(k)_’ ”2_"‘?(43(“) 3 "'%(“) 9 )9 3 qs(a)( g A3 )’ ((Iz(a) 2 +43(l¥) 3 )’
3 a@) (B2, 4+ (g 8 gl | (a.5)
and
o =[ T B =g A = gu(@) ), =l ga(@) Bk gy ()15,
2ol Q1= 2), LR gul@) o)
2 g B (@2 ],
where
nla) =5t 4_{a2) (14+2a—Ta?),
qﬂa):iﬁliaﬂ(Z —2a+3a2), (2.6)
and

gs(a) =(T}W(1-a) (1+2a).

(2) Derivation of A,; and L¥), j=2, 3,4, r=0,1, 2. Since ()=
eitthj-1=d) j=2, 3,4, we have obviously Agj=(kj_;—d) and L#)=Loj= (hj-1—d)?
=A?, independent of .

By taking derivatives, we obtain

r.i - ““*@(k) ) = “‘Zd f(j)'!' Ef(j)A(r 1)s (a° 7)

and

L Y Lo

My -y b7 mp—

L= (1-

f(j)L(r —1)s - (a.8)

Putting A,’r: (AP‘Z: Ar3, Af4),
L& = (LY, LY, LE), ¢, = (A%, Az, A1)

and 2,:(2d)2301—g,, (a.7) and (a.8) then lead to
A,:(w—2d)(13+Q+Q~°—I—---+Q"1)w1—]—Q’AO

= (—24) z (} l")E w1+zx E.A,, (a.9)

=1
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LP=g,+ 3 L QI3 (by - j41+Qas )

=1 Mp ey M e p 1™ M —p g j—1

3 r 1 J1
=gt 2 Mp—r M=y 1" Mk 45— A Eallr - et auds— 1), (a.10)
r=1, 2.--k.

On substituing (a.3) and simplifying, we obtain then:
A= —d( S =2 1)t b (G Kt anla) B aa(@) )
3 r r 1 r r T
-8 aa(@) (A=) + ho(— 5 A+ gal@) ik o)1), (a.11)
A= —d—g Uit he)gs (@) (5 —25) + 2 gsa) ot ga (@) ),
Apy= —o-d(L 1) (= 5 24 gole) i ga (@) 1)
=" 1 1 21Q3a242“3

S haga(a) (= 15) s (- A+ a(a) Kk qa @) B,

1
(’0-—4 + ¢, idi=1g
r ugljzlmk My ,,'_1 Wyt io1 ity “Cus
where
g;:(l, 0, “‘1), £é=(3’4’3),

=(3(2—2a+3a?), —~8(l—a) (14 2a), 3(2—2a+3a?)),

; 1
cj=d*(1+a) +—2_ulA?f—1)2—"11A?r—:')4"A%r—J+1)2+A%r—j+1)4)’

0”—18 2(142a) g, (a )—I—%qs(a)(lef,_,-)2+/IZA%’,_1)4—A§,_j+1)2-—A2(,_J.+m)

3 aa@) (B, =AY, ). (a.12)
and
e e A (52— at) b g (AL, 4 A A
Ci=36(d—ar) & Tia-a +6(4W( 98— 2T ARG - o
—A? 1

(r—j+1dz A(, s+pa) 4'(4?.7‘5"(A2<r~i+1>3—l3A%r~j)3)’

with ¢(e), ¢g.{a) and gs{a) being given in (a.5).

Notice that the A, ;’s are independent of %2 and the L¢’s depend on k& only
through m,-,’s. Notice also that, by using (a.2) and (a.9), we have

4
( ;-'Zd)gf?,ﬂ)-}' jgzg(j?(); +1)A(k ~r =137
. r—2 X ,
= (=2d) {fP+ 218 Qwn} +TR'Q A,y
. §=0" -~ ~ -~

= (—20) {fO+ B 1% QIa} +TH Q" H(—24) (b Qb e+ QP01+ QR A0}
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k-3
= (=24) {f{®+ 2 TR Qlwn| +1H Q4 A=Ay _oxy

4
= (—2d)g0)+ £, A0,

for all »=0,1,2,- 2—1 with ¥ss,ns,0e=Y4... if #=0. It follows that &(¥,..) =
E(Vhsysymsra) TE(Yasysgmsy_y), for all r=1,2, - k—2.

(3) Derivation of A¥, =0,1,2,, j=2,3,4. Obviously, A =2A0;Aq,_17,
7=2,3,4, Furthermore,

{‘%‘ "2‘”(1571'(7/‘1, tz)} :"'Ar.i (3.13)
1 t1=1i3=0
and
{% %¢r1(tl, tz)} =Apgtr+rri; 1=2,3,4, r=0,1,2, -,
2% f1=1g2=0

On substituting (a.13) into

1 0?
(6,2 P SN S
A,-*J 2.2 {at16t2¢r](t1’ tz)}“:tz:o’
we have:
1 2, &
A(,*J.)= (1-— k;:)ArjA(kz—k1+r)i+ M,y [(Zd)lf1u)+szz:zf?)Agr?-l)s:l'

Or, putting é‘,*t—- (A ACH AC)T

gs'*):: (ArsBy=ry+rrn A7 ry -kt ArBirymtyrr)s
and

b= (2d) 'y — a0,

we have

AgO =gl (59 +QAM,), (a.14)

Mey~r

It follows that, for »=1,2, .

z 1
A = gH) 4 jz

=1 mkl—rmkl—r-i-l'“mkl_rq.j_l

g 3 1

4=15=1Mp;—¢Mp;—r 1" Ml p+j—1

QI (B0, 4, +Qa®))

BB, (530, 4 Auat®))

Hence, as in the case of L, we have:
~f

3 r 1
AR =g ST S eI, (a.14)
~T ST S M e M g1 P gy BT

where Cu, u=1,2,3, is given in (a.12) and c¥? is derived from c¢,; in (a.12)
by replacing A%r——j)s and A?r~j+1)s by AG-»sAhg—tyrr-ns and Ag_jins
Atrg—ky+r-i+0s TESPECtively.
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