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Abstract

The negative binomial, Neyman type A and Poisson distributions were fitted
to the observed distribution of the number per quadrat of dead-hearts of sugar
cane. The negative binomial appeared to give a better fit.

Four types of data transformations were considered from the view of
homogenizing within-treatment variances and reducing the correlation between
means and variances. The family of transformation (#+¢)? with « the number
per quadrat of dead-hearts of sugar cane and ¢ and b the parameters of the
transformation estimated from samples under the constraints seemed better
than the others. The logarithmic transformation with added one, ln(x-+1),
was not appriciative in some cases.

Introduction

The statistical analysis of “counts”, such as the number of survivals at
each plot before and after using the insectcide, or the number of dead-hearts
of sugar cane in a pldt observed at different occasions, is very complicated,
since the normality and the variance-homogeneity conditions for experimental
errors are not often fulfilled. For example, if the distribution of counts of
some objects is Poisson, the variance equais to its mean, i.e., within-treatment
variances change with treatment means. Therefore the more the treatment
effects differ significantly, the more the within-treatment variances are heter-
ogeneous. This difficulty may be overcome to some extent by using suitable
transformed variables in the statistical analysis.

" The objects of the present paper are (1) to study the distribution of the
number per quadrat of dead-hearts of sugar cane, (2) to discuss if the commonly
used transformations are épplicable for the data in which the within-treatment

variances are considerably heterogeneous.

(1) This work was supported by the National Science Council, Republic of China,

74



~Jan. 1976 Lin—Distribution of Dead-Hearts of Sugar Cane 75

Data

An experiment with three treatments each with 36 quadrats was laid out
at the farm of Taiwan Sugar Experiment Station in 1963. The area of each
quadrat was 20x1.25 square metors. Field surveys began on the first of October
1963 and continued afterward for every 15 days interval until the end of January
1964. At each survey, the dead-heart in each quadrat was cut down and
classified into three groups according to the causes of the dead-heart and was
recorded separately. Group A conssisted of 24 sets of data with dead-hearts
caused by cane borers regardless of the kind. Group B consisted of 9 sets of
data with those caused by Chilo infuscatellus Snellen. Group C consisted of
27 sets of data with dead-hearts of all causes. Each set of data consisted of

36 observations with the same treatment at the same time of observation.

Distribution of Dead-Hearts

Sample means and mean squares are given in Table 1. In most of sets the

variance seemed significantly larger the mean, which meant that the distribution
of dead-hearts is clumped. In this study, two supper-dispersed distributions,
negative binomial and Neyman type A, and Poisson distribution were fitted to
to the data. The probability functions for these distributions are

L) pigs; g=1-p, 2=0,1, ... @
e;;‘;lﬁ jz;‘o (he‘j‘!z)fj" s 2=0,1,.... (2)
and -
%’;ﬁf—; z=0,1,.... (3)
respectively.

The maximum likelihood method was used to estimate unknown parameters,
The parameter to be estimated in Poisson distribution is # and its maximum
likelihood estimate is the sample mean given by

TS
A=TS

where f, is the observed frequency of the class . The parameters to be
estimated in the negative binomial distribution are k£ and p in the expression

(1). Their maximum likelihood estimates can be obtained by solving following
two equations with respect to # and p as has been suggested by Bliss and
Fisher (1953):
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Table 1. Sample mean and sample variance

Time of Treatment 1 Treatment 2 - Treatment 3
P Shor | Mean | Mean e | M| e | Memn
A 1 1.306 3.875 1.500 2.486 1417 1.850
2 4.667 22.343 4.250 16.536 6.139 21.152
3 5.000 28.229 4.639 21.094 6.556 27.854
4 2.389 11.444 3.861 15.494 3.083 6.364
5 1.417 2.021 1.500 3.914 1.389 1.616
6 1.028 1.456 1611 7.959 2.250 10.364
7 0.722 1.692 1.333 6.857 1111 3.073
8 0.611 1.387 0.389 0.530 0.389 0.530 -
B 1 0.583 -~ 0.764 0.806 1.018 0.722 0.778
2 1.306 2.961 1.361 2.409 2.833 3.686
3 0361 | 0809 0.306 0.333 U *
4 * * 0.361 0.809 * *
c 1 1.972 5571 1.806 2.847 1.889 2.159
2 10,389 41.559 10.444 33.740 13722 | 46,035
3 9.806 32.275 11.139 20.694 14,583 48.479
4 6.583 12.650 9.222 27.206 10.083 29.336
5 11.639 23.323 11.611 33.673 17.167 25.800
6 17.389 52.416 21.750 67.830 23.056 55.368
7 13.944 24054 | 15556 45.225 21111 64.673
8 7.250 9.507 7.306 17.304 7.250 14.879
9 11.722 48.663 11.139 24.523 9.972 25,742

* fu=0 for a>1.

A,
% k+x

Ne T _

2 1-p ,

where N=3f,, T=3xf, and A.=fr41+fs42+.... These equations are ob-
tainable by differentiating the log-likelihood function with respect to %2 and p.
Newton’s method of solving equations was used after eliminating the second

+NInp=0

0

equation. The resultant equation was

*—Nln (1+-)

with derivative

_ A. _ N&
DS (8) ==Xy ye T R g (4 7)

To start the iteration, the moment estimate of %, as given by
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$4—Z

5O =

was taken to be the initial value. In above, % and s* were the sample mean
and the mean square, respectively. The iteration stopped as the abusolute
value of S.(k)/DS.{k) was less than 0.001.

For Neyman type A distribution, methods of obtaining maximum likelihood
estimates have been suggested by Shenton (1949) and Douglas (1955). In this
study, a computer program was set up as suggested below.

By differentiating log-likelihood function with respect to 2, and 1 the
following two equations were obtained:

(Zle"“)"(j-l-l)"/z (Ae=?2) 7%

_‘N‘I‘ foe—lz Z
=0 J=0

7! =0 7!
—-22}i(71)% —~x2)ig%
;l‘ — Efxxle-zzz (lle )‘(]"i' ) /Z (lle - ) 7
2 #=0 i=0 J: F=0 Ji

Eliminating 2y, the equation involving only A, was obtained,

Al(2g) =—N+ Zlofxe‘“Vx (22)/Ux(22)

where
U.(2)= 0(508““/12)"]'"/]'!
= 3 aij*/j! for >0

=g° for =0
V.(2:) = Zoaf(j-}-x)"/j for >0
7= .

=g for £=0

and a=%Te~*2/4;.
By the relation

U.sa(de) =aj§0af(j+1)’/j!

=avx(12)
SO U;(lz) =de (Zz)/dl2
' =—(141/22) U, 1(2)

and

V() =dV () [dAs
=L (14 ) UL (h) U alAa)],
a 2
the derivative of Al(4;), denoted by Ald(1;), was given by

Ald(2) = — Al () —N—e-22(14+2) S £,

2 z=0
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. {Ux+2(/12)"Ux+1(lz)_ [Us11(2)]2 }
alU;(2:) alU, (1) ]2 .

‘Newton’s method of solving equations was used in obtaing the maximum like-
lihood estimate of 2, with successive application of

1= 2D AL(2) JALd (1) @
AWM=Z/200 .

The iteration stopped as the second term of the right side in equation (4) was
less than 0.001. The staring values were obtained by solving

K00 =7
and
20O (14 20) = g2
The recurrent formula used for calculating frequency at x+1 was

s hhetr & WE .
Son= = T 2 =gy /=
Results were listed in Appendix 1.
On testing for goodness-of-fit of the theoretical distribution to the observed,

the X? statistic as defined below was used:
Xe=(fo—fa)?/f

where f.=observed frequency in the zth class,

Fr=expected frequency in the zth class.
The X2 statistic was evaluated by keeping k f;gl as suggested by Cochran
(1954). Though the method provided by Nass, as suggested by Pahl (1969)
was used, the results showed little difference with the above mentioned, only
the latter was shown in Appendix II. Since the fit to Poisson distribution
was, in general, very poor as could be seen from the Table 1, X%values
corresponding to this distribution were not given.

In most cases discrepancies between two supperdispersed theoretical
distributions and the observed were negligible. By judging from X2 values,
though in some sets Neyman A series showed a better fit than the negative
binomial, fit in group A treatment 1, the 3rd set, treatment 3, the 7th set and
group B treatment 2, the 4th set seemed to be extremely poor. Such an
exception was not observed in the fit of the negative binomial distribution.

Transformation of Data

Often the treatment applied in the field experiment of the kind been
described, the persistence of the treatment effect is of major interest. The
model in the analysis of variance is '
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Yipp=utaitits+(at)ijtein

where a;, t; and (at);; designate the ith treatment effect, the jth time effect,
and the effectiveness of the jith treatment at the jth time period, respectively.
For the analysis of variance to be applicable, at least conditions of variances
homogeniety and homoscedasticity must be nearly fulfilled.

Since as been shown, the observed distribution was super-dispersed, the
mean and the variance might be highly correlated and the heterogeniety of
within treatment variances was expected. The correlation coefficient between
sample means and sample variances, designated by r, and the M statistic for
testing homogeniety of variances are given in Table 2. The M statistic is
defined by

M=[nIn(XXS};n:i/n) —Ezj”ii In (8%;)1/[1+ (;%n;’}—%'l)/

i j

3(S3(1-1)]

Si, = El(yijk"'l—/ii)z/ni!

and n=;;n,-j and #n;; is the degrees of freedom of the (4f)th mean square S%;.

Table 2. Correlation coefficient between means and variances, and
the M statistic for testing homogeniety of variances

Group A B C
Correlation (r) ' 0.952 : 0.925 0.885
M statistic 507.03 84.91 244,50
DF of M 23 8 26

The sample mean and the sample variance are seen to be highly correlated
and the heterogeneity of variances is evident. .
Many types of transformations have been proposed for stabilizing the
variance of negative binomial variables, of which following three are commonly
used:
y=In (z+c) ¢=k/2 by Anscombe (1948)
y=arcsinh ((x-c)/b)V? v
¢=3/8 for large mean and large (number of observation — mean)
and b=k—2¢, by Anscombe (1948)

y=arcsinh (cx)¥/? c=k by Beall (1942).

In each transformation, x designates the count per quadrat and y the trans-

formed variable.
To the three types of transformations, the following type of the trans-
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formation first proposed by Moore and Tukey (1954) and extensively studied
by Box and Cox (1964) is added:

(z+c)®.

In this study c or ¢ and b in the transformation were regarded as pa-
rameters and were estimated from samples under the constraints: (1) The
abusolute value of correlation coefficient between means and variances of
transformed variables was less than 0.1 and (2) The minimum of M statistic
satisfying (1) was attained. '

Transformations were evaluated for ¢>0.0 and 5>0.0 for arcsinh ((z--¢)/
b)v? transformation and —4<{b<4 for (z+4c)? transformation at intervals of
0.1 in order to obtain initial estimates. The simplex procedure (O’Neill, 1971)
was then used to allocate the point with minimum of M statistic. Since the
transformation so obtained gave r greater than 0.1 in absolute value in several
cases, transformations at the neighbourhood of the minimum M estimates were
" evaluated at intervals of 0.01. Results are shown in the Table 3, Values of
M and r at the neighbourhood of the optimum points were evaluated at
intervals of 0.01 and 0.05 and are given in Appendix III and IV.

It is seen from the Appendix IV that the values of M statistic change
slowly at the neighbourhood of the minimum of M. At the neighbourhood,
change of the values of r is critical. It is also seen from Table 3 that in
(x4c)? transformation the optimum point appears in a rather narrow range,
ie, in 025<b<0.4 and ¢<0.1. In arcsinh ((x-4c)/b)V* transformation, the
change of M around the minimum M is almost inert to the change of b-values.

Discussion

The observed distribution of dead-hearts of sugar cane is seen to be clumped
and shows a good fit to the negative binomial distribution.

To compare results in Table 3 with those of Table 2, it is seen that the
heterogeniety of error variances is greatly reduced by the data transformation
with suitablly chosen parameters. If the distribution of the M statistic can
be approximated by chi-square distribution, the probability of obtaining l:arger
M values than those listed in Table 3 is about 0.25 to 0.10 for group B and
group C, and about 0.025 to 0.01 for group A.

Many types of transformations have been proposed for stabilizing the
variance of negative binomial distributions. Most widely applicable one is the
logarithm of (x+1). This type of transformation is not appreciative in the
cases studied, since, as seen in Table 4, it gave both large values of M statistic

and r.
When several sets of negative binomial data are available, it has also been
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Yo 'Table 8.  Estiniate of ¢ or (¢, b) at which M is minimum or minimum

Fry mhant U gwiong the transformations with ¥ <0.1
Group - Transformation . b ' M ) T
A (z+¢)? . 0.000% | 0294 39151 | ' 0.096
arcsinh (ca)V/? i 2077 41.054 0.101
' 1.088 41.055 0.098
In(ake) 1 o7 - | coans13 | (0,080
*arcsinh ((&Ee)/B)e 0.000% 0.907 | 041062 0097 0
B (x-+c)? : -0.000% - - 0.208 11.735 0.184
; 0.000* 0.258 11.973 0.093
arcsinh (cz)t/? 1672 12095 |01t
. SR ©3.049 , 12.237 10.099 .
1 (e4e) 0.104 . 12188 | 0155
0.064 12.314 0.001
arcsinh ((@-+¢)/b)M2 0.000* | 0.606 12067 0.170
0.010 0.180 12275 | 0097
c (at+e)® 0116 | 0397 29.348 —0.023
- aresinh (cx)1/? : 0.020 L 29.755 | —0.056 .,
In (& +¢) 2.740 38.410 ~0.107
R 2770 38413 ~0:098
arcsinh ((&-+¢)/0)1/? 0.002 50700 | 29686 | —0.015

“¥ TG avoid ‘computational difficulty, 0.000001 is substituted instead of zero.

suggested to use common % as a estimate in transformations of the kind given
in the Table 4; kThese,,transfo‘rmationiS : with _common k, designated by k. in
the table, sometimes give results very near to the optimum, but may providé
poor results, ‘

The parameter(s) in the transformation must be estimated from the sample
directly under some well defined constraints. Also, the transformation of the

Table 4. Results of transforma’tz'onswof‘ n (x+1), In (z-+0.5k.),
sinh=2 (kox)'? and sinh=* ((x+0.375)/ (k. —0.750) )

T [ o | meern [merom o] S g
LA 1548 M 8420 | 706 | 40 | es76
S r - 0661 0601 | —0.002 C 0569
B | ame M | ziar | s2e0 | 124t | o 2325
r o628 | oml | 0065 | - 0664
e b osis2 M| eeer | 4247 58043 | 3ms2
T —0.766 0.167 —0930 | . ~0276
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type (x+4c)? always give better results than those of the others, the merit of
the transformation can only be appreciative for the properly chosen values of
parameters, If the parameters chosen are improper results may be worse than
those of untransformed. This can be seen from Appendix IV. This is true
for any other types of transformations.
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Appendix IIl.

of the optimum point

The change of M and r statistics at the neighbourhood

Group A
(x+¢)? transformation
\ ¢ 0.00* 0.01 0.02 0.03 0.04 0.05
0.274 M 36.69 41.80 44,18 46.36 48.40 50.34
r 0.002 0.273 0.342 0.387 0.422 0.449
0.284 M 39.29 42.69 45.37 47.74 49,93 51.99
T 0.049 0.305 0.370 0.413 0.445 0471
0.294 M 39.15 43.76 46,72 49,28 51.61 53.78
r 0.096 0.337 0.398 0.438 0.468 0.493
0.304 M 39,281 45.00 48.23 50.97 5343 55.72
r 0.143 0.367 0.424 0.462 0.490 0.513
0.314 M 39.68 46.42 49,91 52.81 55.40 57.79
r 0.189 0.396 0.449 0.485 0.511 0.533
arcsinh (cx)V/? transformation
c 105 1.06 1.07 1.08 1.09 110 111 1.12 113 114
M 41.06 41.06 41.06 41.05 41.06 41.06 41.06 4106 4197  41.07
T 0108 0.106 0.103 0100 0098 0.095 0092 0.09 0.087 7.085
In (@ +c¢) transformation
c 0.12 0.13 0.14 0.15 0.16 0.17 0.18 0.19 0.20 0.21
M 42,42 42.07 41.81 41.64 41.54 41.51 41,54 41.62 41.75 4191
r —0.029 —0.002 0.023 0.047 0.070 0.092 0.112 0.132 0.151 0.151
arcsinh ((@+¢)/5)"/? transformation
\ b 0.87 0.88 0.89 0.90 0.91 0.92 0.93 0.94 0.95 0.96
0.000* M 41.08 41.07 41.07 41.06 41.06 41.06 41.06 41.06 41.07 41.07
r 0.084 0.088 0.091 0.094 0.097 0100 0.103 0.106 0109 0.112
0.010 M 4175 4178 41.82 4186 41.90 4194 4198 42.02 4206 42.10
T 0184 0187 0190 0393 019 0199 0201 0204 - 0207 0210
0.020 M 4244 4249 4254 42.60 42,65 42,71 4277 42.82 4288 4294
r 0.225 0.228 0231 0.233 0236 0239 0242 0.244 0.247 0.250

* 0.000001
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Group B
(#+c¢)? transformation
T
b~ | € 0.00* 0.01 0.02 0.03 0.04 0.05 0.06
0.248 M 12,07 11.92 12.12 12.34 12.57 12.80 13.04
r 0.077 0.218 0.262 0.294 0.319 0.341 0.360
0.258 M 11.97 11.96 12.19 12.44 12.69 12.94 13.19
r 0.093 0.233 0.276 0.308 0.333 0.354 0.373
0.268 M 11.89 12.00 12.28 12.55 12.83 13.09 14.36
r 0.111 0.248 0.291 0.322 0.347 0.368 0.386
0.278 M 11.82 12.07 12.38 12.68 12.97 13.26 13.53
r 0.128 0.264 0.306 0.336 0.360 0.381 0.399
0.288 M 11.78 12.15 12.50 12.82 13.13 13.44 13.73
r 0.146 0.279 0.321 0.350 0.374 0.395 0.412
arcsinh (cx)Y/* transformation
[4 2.99 3.00 3.01 3.02 3.03 3.04 3.05 3.06 3.07 3.08
M 12.23 12.23 12.23 12.23 12.23 12.23 1224 12.24 12.24 12.24
r 0101  olol 0101 0100 0.100 0100 0099 0.098 0098  0.098
In (@ +¢) transformation
4 0.04 0.05 0.06 0.07 0.08 0.09 0.10 0.11 0.12 0.13
M 1252 1240 1231 1225 1222 1220 1220 1220 12.21 12.24
v 0052 0073 0.091 0109 0.125 0141 0155 0169 0.183 0.195
arcsinh ((#+¢)/b)¥2 transformation
\ b 014 o015 016 017 018 019 020 021 022 023
0.010 M 1236 1234 1232 1229 1228 1226 1224 1223 1232 1220
T 0.077 0.083 0088 0.093 0.097 0102 0106 0.111 0115 0.119
0.020 M 1226 1224 1223 1222 1221 1220 1219 1218 1218 1217
r 0.103 0.108 0.113 0118 0122 0127 0131 0136 0140 0.144
|
0.030 M 1221 1220 1219 1218 1218 1218 1217 1217 1217 1217
r 0.124 0.129 0.134 0138 0143 0147 0152 0156 0.160 0.164
: _
0.040 M 1219 1218 1218 1218 1218 1218 1228 12,18 1219 1219
r 0.142 0147 0151 0.156 0161 0165 0169 0.173 0177 0.181

* 0,000001
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Group C
o (@+¢)? transformation
\b\ 4 0.07 0.08 0.09 0.10 011 012 0.13 0.14 0.15 0.16
™~ .
0.377 M 3120 30.78 30.44 3017 2996 2975 -2D66 29.56 2949 2u.d4
r —0.261 —0.235 —0.211 —0.188 —0.166 —0.146 —0.127 —0.109 —0.092 —0.076
0.387 M 3035 30.06 29.83 29.66 29.54 2945 2940 2937 2936 29.37
r  —0.195 —0.169 —0.145 —0.123 —0.102 —0.083 —0.065 —0.048 —0.032 —0.016
0.397 M 2978 20.60 2048 2940 26.36 29.35 2936 29.39 2944 2951
r —0.127 —0102 —0.080 —0.059 —=0.039 —0.021 —0.004 0.012 0.027 0.042
0.407 M 2947 2940 2937 2938 2041 2946 2954 29.63 20.73 29.85
r —0.061 -0.037 —0.016 0.004 0.022 0.039 0.055 0.070 0.084 0.097
0.417 M - 2942 2944 2950 29.58 2968 29.79 29.92 30.07 3022 30.38
T 0.005 0.027 0.046 0.065 0.081 0.097 0111 0.125 0.138 0.150
arcsinh (¢#)'/2 transformation
c 0.00* 0.01 0.02 0.03 0.04 0.05 0.06 007 0.08 0.09
M 3256 30,13 29760 30.94 32.03 33.67 3622 3867 4126 43.94
T 0.267 0.099 —0.056 —0.187 —0.295 —0.384 —0.458 —0.519 —0.569 —0.611
In (@ +¢) transformation
[4 2.73 274 2.75 2.76 2.77 2.78 2.79 2.80 2.81
M 38.41 38.41 3841 38.41 38.41 3841 38.42 38.42 3843
T —0.109 —0.107 —0.104 —0.101 -—0.098 —0.096 =—0.093 —0.090 —0.088
arcsinh ((&¢+¢)/b)Y/? transformation
™~
c\ b 5066 5067 5068 5069 50.70 50.71 5072 50.73 50.74 50.75
0.000% |-M 2074 2974 2974 2074 2074 2974 2974 2974 2974 2974
r —0.049 —0.049 —0.049 —0.046 ~0.049 —0.049 —0.049 —0.049 —0.049 —0.049
0.010 M  20.82 20.82 2082 20.82 20.82 2082 29.82 20.82 29.82 2982
r 0.039 0.039 0039 0039 0.040 0.040 0.040 0.040 0.040 0.040
0.020 M  30.06 3006 30.06 30.06 3006 3006 3006 3006 30.06 30.06
r 0074 0.074 0074 0074 0074 0.074 0.074 0.074 0074 0075
0.030 M 3031 3031 3031 3031 3031 3032 3032 3032 3032 3032
T 0099 0.099 0100 . 0100 0100 0.100 0.100 0.700 0.100 0.100
0.040 M 30.57 3057 3057 30,58 30.58 30,58 30,58 30.58 3057 3058
r 0120 0120 0120 0120 0120 0120 03120 0120 0120 0.120

* 0.000001
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Appendix IV. (Continued)
Arcsinh (¢ )Y/? transformation
Group A
c: 078 083 088 093 098 1.03 108 113 118 123 128 133 138
M 416 414 413 412 411 410 410 | 411 411 411 412 413 414
Group B
c: 1.33 138 143 148 153 158 163 168 173 178 183 188 193
M izi 121 124 izal1 121 121 124 121 121 121 121 121 121
Group C
c: 0.00* 005 010 015 020 025 0.30 035 040 045 050 055 0.60
M 326 340 467 607 745 877 1001 111.9 1231 133.7 1438 1534 1626
In (&+c¢) transformation
Group A
c: 0.00%* 005 010 015 020 025 030 035 040 045 050 055 0.60
M 1305 497 | 434 416 | 41.8 43.0 44.8 470 495 522 550 579 60.8
Group B
c: 0.00* 005 010 015 020 025 030 035 040 045 050 055 060
M 139 | 124 | 122 123 126 130 134 139 145 150 156 162 168
]
Group C
c: 244 249 254 259 264 269 274 279 284 289 294 299 3.04
M 388 387 386 385 384 384 384 |384 384 385 {385 386 387






